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A. PAIRS OF COMPATIBLE SYMPLECTIC FORMS

On a real or complex 2n-dimensional manifold M consider a pair of closed
2-forms w, w1, symplectic the first one. Let J be the (1,1)-tensor field defined
by the relation w; (X,Y) = w(JX,Y); then wy(X,Y) = w(J*X,Y) is a 2-form.
One will say that w,w; are compatible if ws is closed, which is equivalent to say
that Ny = 0. When (w,w;) is compatible a local classification can be given on

an open dense set of M (the regular open set).

1. Examples. 1) Let Q be a symplectic form on a complex manifold
P of complex dimension 2k. Set ) = w + ww;, where w,w; are the real and
the imaginary part respectively. Then (w,w;) is a compatible pair when P is
regarded as a real manifold of dimension 4k.
2) Take two symplectic manifolds (My, 81), (Ma, B2), then on M = M; x My
the pair w = 81 + B2, w1 = B1 — B2 is compatible.
3) Let (G,w) be a Lie group endowed with a left invariant symplectic form,
and let wy be the right invariant 2-form such that w(e) = wq(e) where e is the
neutral element of G. Then (w,w;) is a compatible pair on G.
4) On a n-manifold N consider a (1,1)-tensor field H, which gives rise to a
vector bundle morphism g : T*N — T*N by setting og(A) = Ao H. Let w
be the symplectic Liouville form of T*N and let wi; = (¢g)*w. Then (w,w;) is
a compatible if and only if Ny = 0.

2. The algebraic structure.

Let (a, 1) be a couple of 2-forms on a 2n-dimensional, real or complex,
vector space V the first one symplectic (o™ # 0). We define J € End(V') by the
relation oy (v, w) = a(Jv,w) for any v,w € V. Then a(J, )= a ,J) and
each aj, = a(J*, ) isa 2-form [k may be negative if .J is an isomorphism]. The
classification of the couple (a, a) is given by that of J and, therefore, by the
family of elementary divisors of J. From now on, the characteristic polynomial,
the minimal polynomial and the elementary divisors of (o, 1) will be those of
J.

For understanding the algebraic classification better consider the following
situation. Let H be an endomorphism of a n-dimensional vector space W; then

on W @ W* one has the symplectic form a((v, ), (w,u)) = AMw) — p(v) and



the 2-form aq((v, A), (w, n)) = A(Hw) — p(Hv), whose relation endomorphism
J equals H & H*. In this way it can be constructed all the models of couples
(o, 1). Thus the elementary divisors of («, 1) occur an even number of times
and the characteristic polynomial is the square of another polynomial, which is

divided by the minimal polynomial.

3. The regular open set. A first reduction.

Let Kp[t] be the polynomial algebra in one variable over the ring of differ-
entiable functions on a manifold P. A polynomial ¢ € Kplt] is said irreducible
if it is irreducible at every point of P. Two polynomials ¢, € Kp[t] are called
relatively prime if they are at each point. Given a vector bundle E over P
of dimension m and a morphism H : E — E, its characteristic polynomial
©= E?:o h;t? belongs to Kp[t]. Set g; = trace(H?). Since ho, ..., hs—1 are, up
to sign, the elementary symmetric polynomials of the roots and each g; the sum
of their j-th powers, every function g; may be expressed as a rational polynomial
of hg, ..., him—1, and each function h; like a rational polynomial of g1, ..., gm. In
particular g; when j > m + 1 equals a rational polynomial of g1, ..., gm.

One will say that H : E — FE has constant algebraic type if there exist
relatively prime irreducible polynomials @1, ..., s € Kp[t] and positive integers
ajk, 7 =1,...,7%, k =1, ..., s, such that at each point p € P the family {¢}’* (p)},
j=1,..,1k k =1,...,s, is that of elementary divisors of H(p). Though in
general the algebraic type of H is not constant, the set of all points such that
around of them H has constant algebraic type is open and dense.

Now suppose that F is a foliation and Ny = 0; then jdgj+1 = (j+1)dg;o H.
Therefore ﬂf;l Kerdg;(p) = ﬂf;_ol Kerdh;(p) is a H-invariant vector subspace
of T, P because each g;, j > m + 1, is a function of g1, ..., gm-

One will be say that a point p € P is regular if there exists an open neigh-
bourhood B of p such that:

(1) H has constant algebraic type on B,
(2) ﬂjl:l Kerdg;, restricted to B, is a vector sub-bundle of E and therefore a
foliation,
(3) H restricted to ﬂ;ﬁzl Kerdg; has constant algebraic type on B.
The set of all regular points is a dense open set P, called the reqular open

set. On the other hand H, aH + bl, a € K — {0},b € K, and H~! if H is



invertible, have the same regular open set.

Now consider a compatible pair (w,w;) on a 2n-manifold M; by definition its
regular open set will be that of J. Assume that about some regular point p the
characteristic polynomial ¢ of (w,w1) equals the product ¢; - w2 of two monic
polynomials, relatively prime at each point. Then, always around p, (M,w,w1)
decomposes into a product (M’,w’,w}) x (M",w" wY) of two compatible pairs
in such a way that 7 is the characteristic polynomial of (w’,w/) [more exactly
1 is the pull-back of the characteristic polynomial of (w’,w/) by the the first
projection], ¢o that of (M”,w” wy) and p’,p” are regular points where p =
(', p").

Reiterating the process reduces the classification problem to the case where
¢ is a power of an irreducible polynomial, that is to say ¢ = (t + f)?" or

o= (1> + ft+ g)", with f2 — 4g < 0; this last case only on real manifolds.

3. The local classification.

First one has:

Theorem 1. Consider a compatible pair (w,w1) whose characteristic poly-
nomial equals (t + f)?>". Then about any reqular point p there exists a system
of coordinates (1), y1,12), with p = 0, such that:

(a)i=1,..,2r; and r > ... > r¢ including the two limit cases: no coordinates

(y1,y2) or no coordinates (x]).

(b) w= Z§:1 oLy dad, g Adad, + dys Adys

w1 = (Yo +a)w+71+aANdy

. . s ,
where a is constant, T =3, >0 dwy; 4 Adxy, ., and

. . o . . ,
a=dry+ 305 3 ([ + glagdag, g + [i — glwh,_ dad,).

Remark. In the foregoing theorem the local model is completely determined
by the elementary divisors of (w,w;). When (w,w;) is O0-deformable, that is if
there are no coordinates (y1,y2), they are {(t — a)™,(t —a)}, j = 1,...,¢,
whereas for the non 0-deformable case one has (t — (y2 + a))™*1, (t — (y2 +

) = (2 + @) (= (g a)7 ), G = 2



The case where the characteristic polynomial equals (t2+ ft+g)", f?—4g < 0,
is dealt with by considering the semi-simple part H of Jy = 2(4g — f2)~'/2J +
f(4g — f2)~/21d, which is a complex structure. If we set Q = w + w0 and
Q1 = w1 + w, where O(X,Y) = —w(HX,Y) and &1 (X,Y) = —wi(HX,Y),
then (€2,€;) is a holomorphic compatible pair whose characteristic polynomial
equals (t + h)", with h = 3(f — (49 — f2)~/2). In other words, (w,w;) is the

real part of a complex compatible pair with the same regular open set. Thus:

Theorem 2. Let (w,w1) be a compatible pair. Then its local model around
any regular point is a finite product of factors chosen among:
(a) If the manifold is complex those of theorem 1.
(b) If the manifold is real those of theorem 1 and the real part of the complex
models of this theorem.

The elementary divisors of (w,w1) completely determine the local model.

4. Symplectic bihamiltonian structures.

Let (A, A1) be a bihamiltonian structure on a 2n-manifold M. Assume that
rangA = 2n everywhere; let H be the (1,1)-tensor field defined by A;(«, 8) =
A(H*«,8) = A(a o H,[3). Since the problem is local, one may suppose A;
invertible too (if not take A; + aA for a suitable scalar a instead of Aj). Let
(w,w1) be the dual symplectic pair of (A, A;). Recall that H = J~! where
w1 = w(J, ); moreover if w(X, )= aand w(Y, ) = B then Ai(a,) =
wi(J7IX, J7Y) = w1 (X, Y).

For obtaining the explicit local model of (A, A1) at any regular point, it
suffices to apply theorem 2 to (w,w_1). Indeed, if (21, ..., 22,) are coordinates
as in theorems 1 and 2 with respect to (w,w_1), then the coefficients of A are
easily deducted from the expression of w and those of A; from w_; through
the rule Aq(dz;,dz;) = w_1(Z;, Z;), where dz, = w(Zy, )=dz, k=1,...,2n

(note that each Zj is just a partial derivative).



B. VERONESE WEBS (LOCAL THEORY)

Veronese webs were introduced as a tool for studying the bihamiltonian
structures of constant rank without symplectic factor. As before our structures
will be real (at least of class C°°) or complex (holomorphic). Among the different
approaches to this theory, here we will chose that consisting in giving a r-

codimensional foliation F on a n-manifold and a suitable morphism ¢ : 7 — T'N.

1. Algebraic Veronese webs.

Consider a n-dimensional vector space V. A curve v(t), t € K, in A"V* r >
1, is called a Veronese curve if there exists a basis {e;;}, 1 =1,...,n;,j =1,...,r,
of V such that y(t) = y1(t) A... Ay (t) where each v;(t) = Y12 t*~tey;. Thus ~

is a polynomial curve of degree n — r; moreover, up to permutation, the family

of natural numbers {n,...,n,} only depends on ~ and this last one completely

()

tn—r

determines the Veronese curve. For convenience one will set y(oc0) = lim
when ¢ — oo.

A family w = {w(t) | t € K} of (n — r)-planes of V is called a Veronese
web of codimension r if there exists a Veronese curve v in A"V* such that
w(t) = Kervy(t), t € K. The curve v will be named a representative of w. If 4 is
another representative of w then ¥ = av, a € K — {0}. This allows us to define
w(oo) = Kery(oco), which does not depend on the representative. Moreover if
{Bi;},i=1,...,n5,5=1,...,r, is a basis of V* such that v(t) = vi(t) A... A% (t)
where each v;(t) = Y17, t*71 8, then w(00) = Ker(Bny1 A oo A Bayr)-

Proposition 1. Consider a n-dimensional vector space V and a natural
number 1 <r <n.
(a) Given a r-codimensional vector subspace W C V and J € End(V), if
(W', J*) spans V* where W' is the annihilator of W in V* then v(t) = (t)((J+
tI)~Y)*B, where ¢ is the characteristic polynomial of —J and 3 a r-form such
that Kerp = W, represents a Veronese web w of codimension r.

Moreover limi_oot™ "y (t) = B, w(oo) = W and (J + tIw(oo) = w(t) for
any t € K.

(b) Any Veronese web on V' of codimension r may be represented in this way.



(¢) Assume that v(t) = @(t)((J + t1)"V)*B and F(t) = @t)((J + tI)~1)*f3
represent two Veronese webs w and w respectively. Then w = w if and only if
B=aB, acK—{0}, and Ker(J —J) D w(oc) = w(c0).

In this last case ¥ = v if and only z'fB =f.
(d) Up to permutation the family of natural numbers {ny,...,n,.}, associated to
a splitting of a representative of a Veronese web w, only depends on w. This
family characterizes the Veronese web up to isomorphism.

By definition ny, ...,n, will be called the the characteristic numbers of w and

their maximum the height of w.

Remark. Tt is easily checked that (W', J*) spans V* if and only if W does
not contain any non-zero J-invariant vector subspace.

By (c) of proposition 1 the restriction of J to w(oo) gives rise to a morphism
¢ : w(oo) — V with no ¢-invariant vector subspace different from zero (this
notion is meaningful since : w(co) C V) and which only depends on the Veronese
web w. Moreover (£ + tI)w(oo) = w(t), t € K, that is to say £*a = —ta|y(s0)
for any a € V* such that a(w(t)) = 0 and any ¢t € K. This last property
characterizes ¢ completely because the union of the annihilators of w(t), t € K,
spans V*.

Conversely given a morphism ¢ : W — V whose only ¢-invariant vector
subspace is zero, we may construct a Veronese web by considering an endomor-
phism J of V' such that Jjy = ¢ and applying (a) of proposition 1.2 to it. This
Veronese web only depends on ¢. In fact w(t) = (¢4 ¢I)W. Thus:

Giving a Veronese web of codimension r > 1 is equivalent to giving a mor-
phism £ : W — V, where W is a r-codimensional vector subspace, without

non-zero £-invariant vector subspaces.

Proposition 2. Consider a Veronese web w of codimension r > 1, a basis
{o,...,an} of V* and scalars ay,...,an. Assume that oj(w(—aj)) = 0, j =
1,...,n. Then w can be constructed through (a) of proposition 1 by means of the

endomorphism J defined by J*o; = ajoy, j=1,...,n.

Before ending this paragraph we recall the classification of pairs of bivectors.
Consider, on a finite dimensional vector space W, a pair of bivectors (A, Aq).

One defines the rank of (A, A1) as the maximum of ranks of (1 — ¢t)A + tAq,



t € K. Note that rank((1—t)A+tA1) = rank(A, A1) except for a finite number of
scalars ¢, which is < W (they are given by the polynomial equation ((1—t)A+
tA1)* = 0 where rank(A, A1) = 2k). We will say that (A, Ay) is mazimal (or of
mazimal rank) if rank(A) = rank(Ay) = rank(A,A1). Obviously if (A, Ay) is
not maximal one may choose A’ = (1 —a)A+aA;, A = (1—a1)A+ a1 Ay, with
a # aq, which is maximal. Consequently it suffices classifying maximal pairs.

Let U be a (2m—1)-dimensional vector space. The action of the linear group
GL(U) on (A%U) x (A%U) possesses one dense open orbit; each element of this
orbit, all of them isomorphic, will be named the elementary Kronecker pair in
dimension 2m — 1. By a Kronecker pair we mean a pair that is isomorphic to a
finite product of Kronecker elementary pairs, while a pair is called symplectic if
it is the dual of a couple of symplectic forms; in both cases they are maximal.
As is well known:

Any mazimal pair of bivectors (A, A1) on a finite dimensional vector space
is isomorphic to the product of a symplectic pair and r Kronecker elementary
pairs, where r = corank(A, A1), including the case with no symplectic factor
and that where r = 0.

Moreover, up to isomorphism and change of order, the factors are unique.

2. Veronese webs on manifolds.

Let N be a real or complex manifold of dimension n. A family w = {w(t) |
t € K} of involutive distributions (or foliations) on N of codimension r > 1
is named a Veronese web of codimension r, if for any p € N there exist an
open neighborhood A of this point and a curve v(t) in the module of sections of
ATT*A (that is to say y(t)(q) € A"Ty A= A"T; N for every q € A) such that:
1) w(t) = Kervy(t), t € K, on A
2) for each g € A, ¥(t)(q) is a Veronese curve in A"TyN.

The curve v is called a (local) representative of w.

Although curves v(t)(q) and v(t)(¢’") could be not isomorphic when ¢q # ¢,
v(t) = Yy t'y; where 7g,...yn—r are differentiable r-forms on A. On the
other hand Ker~y,_, is an involutive distribution of dimension n — r since each
Kervy(t) was integrable and limt" "~(t) = vyp—r, t — oo. This allows us to
define w(oo) = Kerv,—,, which does not depend on the representative because

if 4 is another representative then 4 = f+ on the common domain. In particular,



there exists a global representative if and only if w(co) is transversally orientable.
Obviously w as map from KU{oo} = KP! to the Grassmann manifold of (n—r)-
plans of T'N is smooth.

Examples. 1) On S? regarded as a Lie group consider three left invariant

contact forms p1, p2, p3. Suppose that p; Apa Aps # 0 and set y(t) = (p1+tp2) A
ps. Then v defines a codimension two Veronese web which is not flat because
Kerps = w(0) ® w(oo) is a contact structure.
2) On K* with coordinates (1, z2, y1, y2) set Y(t) = (dwvy Adys + xodr Adxs) +
t(xodza A dyy — day A dy2) + t2dyy A dyz. Then v defines a Veronese web of
codimension two since dy(t) = 0 and y(t) = (—dx1 + x5 *dys +tdy, ) A (—xodzs +
tdys) when x5 # 0, while v(t) = (dxy — tdxy + t2dy;) A dys if 15 = 0.

Note that v(t)(q) and v(¢)(¢’) are not isomorphic as Veronese curves when

g2 # 0 and ¢, = 0.
3) Let V be the 3-dimensional Lie algebra spanned by the vectors fields on
K: X; = (9/0t), Xy = t(0/0t) and X3 = t2(0/0t). Set w(t) = {v € V |
v(t) = 0}. As @(t) = Ker{e} + te} + t%e}} where {ef, e, e5} is the dual basis
of {X1,X2, X3}, w = {w(t) | t € K} is an algebraic Veronese web on V. But
V' is isomorphic to the Lie algebra of SL(2,K) and each w(t) is a subalgebra
of V; therefore w gives rise to a Veronese web w of codimension one on any
3-dimensional homogeneous space of SL(2,K).

A local description of Veronese webs is given by the following result:

Theorem 1. Let N be a n-dimensional real or complex manifold.
(1) Consider a Veronese web w on N of codimension r and non-equal scalars
A1y .oy Gn—k,a where 1 < k < r. Then for each p € N there exist an open set
p € A and a (1,1)-tensor field J on A whit characteristic polynomial ¢(t) =
(H;Zlk(t —a;))(t — a)*, which is flat and diagonalizable, such that:
(1) (Ker(J*—a;I))w(—a;) =0, j=1,...,n—k, and (Ker(J* —al))w(—a) = 0.
(I) For any q € A, (w(oo)(q)’, J*(q)) spans Ty A, that is to say w(oo)(q) con-
tains no J-invariant vector subspace different from zero.

In particular, if B is a v-form and Ker = w(oo) then y(t) = (H;L:_Ik(t +
a;))(t+a)*((J +tI)~1)*B represents w.

Moreover is X is a closed 1-form such that KerX D w(oo) then d(AoJ)jy(00) =



(2) Conversely, on N consider a foliation F of codimension r > 1, a r-form

B such that Ker = F and (1, 1)-tensor field J with characteristic polynomial

@(t). Suppose that:

(I) (F',J*) spans T*N, that is to say F does not contain any non-zero J-

invariant vector subspace.

(11) (NJ-)‘}. =0 and d(uoj)u- = 0 for each closed 1-form i such that Kerpy D F

(note that if F = Ker(A A ... AN \.) where each \; is a closed 1-form, this last

condition is satisfied if and only if A\ A ... AN, Ad(XjoJ)=0,7=1,..,1).
Then ¥(t) = (—=1)"@(—t)((J + tI)~1)* B defines a Veronese web w of codi-

mension v for which w(oo) = F. This Veronese web only depends on F and J.

Example. On an open set A of K" consider a (1,1)-tensor field J =
> fj(.fj)%@dxj where fj(z;) # fi(zx) whenever z = (21, ...,x,) € A. Set
B=>_1drj. As Ny =0, (8,J*) spans T*A and d(8 o J) = 0, by (2) of theo-
rem 1 the curve y(t) = [[j_, (t+ f;)Bo(J +t1) =" = 370 (ITiL1.z, (t+ fi))dz;
defines a Veronese web w on A of codimension one, which generally is not flat.

For obtaining a 2-codimensional Veronese web w, one may consider a second
Iform p" = 377, gj(x;)dx; such that B A B never vanishes and set 7(t) =
=i+ £ DT (BABY) = 31 <jcnanTlimringn (E+ f)) (gr — g5)daj A
dxy..

Theorem 1 gives a method for constructing all Veronese webs locally. If r > 2
the scalars ay, ..., an—g, a do not determine J which prevent us constructing this
tensor globally; on the contrary, when r = 1 the tensor J exists on the whole
N.

In view of proposition 1, the restriction of J to w(oo) gives rise to a morphism
(of vector bundles) ¢ : w(oco) — TN, which only depends on the Veronese
web, without non-zero f-invariant vector subspace at any point of N. Moreover
w(t) = (L4 tDw(co), t € K.

In some cases the Nijenhuis torsion of a partial (1,1)-tensor field can be
defined. More exactly, on a manifold M consider a foliation F and a morphism
(of vector bundles) G : F — T M. If « is a s-form defined on an open set A of
M, then G*a [we also write a(G,...,G) or a o G instead G*a] is a section on

A of A*F* and can regarded as a s-form on the leaves of F; thus we shall say

10



that is closed on F if it is closed on its leaves. Besides, when G : TM — TM is
a prolongation of G, then d(C_v'*oz)| F equals the exterior derivative of G*« along

the leaves of F; thus G*a is closed on F if and only if d(G*a)» = 0. One has:

Lemma 1. Assume that G*« is closed on F for every closed 1-form « such
that Keraw O F. Then the restriction of Ng to F, which will be named the

Nijenhuis torsion of G and denoted by N¢, does not depend on the prolongation

G.

Note that the Nijenhuis torsion of ¢ : w(co) — TN vanishes and (*« is
closed on w(oo) for every closed 1-form « such that Kera D w(oo) since J,
its local prolongation given by (1) of theorem 1, has zero Nijenhuis torsion and
d(a o J) (o) = 0.

Conversely, given a foliation F on NN of codimension 1 < r < n and a
morphism ¢ : F — TN with the algebraic and differentiable properties stated
before, then w(t) = (¢ +tI)F, t € K, defines a Veronese web of codimension r
for which w(co) = F. Indeed apply (2) of theorem 1 to a prolongation J of /.
Thus:

Giving a Veronese web on N of codimension r > 1 is equivalent to giving
a morphism £ : F — TN, where F is a r-codimensional foliation without non-
vanishing (-invariant vector subspace at any point such that:

1) whenever « is a closed 1-form whose kernel contains F, restricted to the
domain of a, then ¢*« is closed on F,
2) Ny =0.

Note that if F = Ker(ay A ... A a.), where day = ... = da,. = 0, then £*« is
closed on F for any 1-form « such that da = 0 and Kera D F, if and only if
L*aq, ..., 0*a, are closed on F.

Example. On an open set A of K?", endowed with coordinates (z,y) =
(T1, ey T, Y1, -, Ym ), consider the foliation F defined by dy; = ... = dy,, =0
and the morphism ¢ : F — TA given by é(a%j) =S, f]—k%, ji=1..m.
Assume | fji |# 0 everywhere, which implies that £ : F — T A defines a m-
codimensional Veronese distribution w on A with characteristic numbers ny =
.. =Ny, = 2. Then w is a Veronese web if and only if d(3°7", fixdx;)r = 0,

k=1,..m, and [Z?:l fjk%,zg;l fﬁ%} =0,1<j<j<m (indeed

11



consider the prolongation J of £ given by J(a%k) =0,k=1,...,m).

When m = 1 there are no conditions at all. If m = 2 one has a partial
differential system of order one with four equations and four functions; for m > 3
the system is over-determined.

More generally when n = 2m, the m-dimensional Veronese webs on IV, with
characteristic numbers ny = ... = n,,, = 2, are given by a morphism ¢ : ¥ — TN
such that dimF = m and TN = F & Imf. As { is determined by its image
and its graph, which may be identified to w(1) = (¢ + I)F, from the algebraic
viewpoint giving a Veronese web w with all its characteristic number equal to
2 is like giving the 3-web {F = w(o0),w(0),w(1)}. Conversely, for any 3-web
D = {D1,D3,D3} on N there exists just one Veronese distribution wp such
that wp(co) = D1, wp(0) = Dy and wp(l) = Ds. It is easily seen that wp is a
Veronese web if and only if the torsion of the Chern connection of D vanishes
(the Chern connection of D is the only connection making Dy, Ds, D3 parallel

such that T'(D;,Ds) = 0).

3. Kronecker bihamiltonian structures.

A bihamiltonian structure (A, A1) on a m-dimensional manifold M is called
Kronecker when there exists 7 € N — {0} such that each (A(p),A1(p)), p € M,
is the product of » Kronecker elementary pairs. In this case from the algebraic
model at each point follows that m—r = rank(A, A1) = rank(A) = rank(Ay) =
rank(A+tA;) for any t € K; moreover D = (| Im(A+tA1), t € K, is a foliation

of dimension ™5+ lagrangian for both A and Ay, and D C I'mA;. This foliation

will be named the axis of (A, Aq).
Let NV be the local quotient of M by the foliation D, which is a manifold

m+r

of dimension n =

,and let 7 : M — N be the canonical projection. Then
w = {w(t) = m(Im(A 4+ tA1)) | t € K} is a Veronese web of codimension 7,
whose limit when ¢ — oo equals 7. (ImA;). Thus a Veronese web of codimension
r is locally associated to any Kronecker bihamiltonian structure with r factors,

and:

Theorem 2. From the local viewpoint the Veronese web completely de-
termines the Kronecker bihamiltonian structure, at least, in the following four

cases: complex manifold, real analytic category, C*> category when r = 1, and
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flat Veronese web.
Besides:

Proposition 3. Consider a Veronese web w of codimension r > 1 defined
on a n-manifold N. Let T*w(0) be the cotangent bundle of the foliation w(0),
which is a vector bundle over N of dimension n—r (so as manifold dimT*w(0) =
2n —r). Then, on T*w(0), there exists a Kronecker bihamiltonian structure
(A, A1) of corank r such that:

(1) The axis D is given by the fibres of the fiber bundle T*w(0) — N; therefore

T w(0
TTw® — N.

(2) w is the Veronese web associated to (A, Ay).

4. Versal models; local classification of codimension one Veronese
webs.

On a real or complex manifold N of dimension n consider a Veronese web
w of codimension r > 1. Given non-equal scalars aq, ..., a,_,,a and any point
p € N, let J be a (1,1) tensor field like in part (1) of theorem 1 and let
(@1, .y Tn—r, Y1, ..., Yr) be a system of coordinates, around p, such that dz;oJ =
a;de;, j=1,...,n—r, and Ker(dyi A...Ady,) = w(co). Then dyyoJ = adyx+du,
k=1,...,7, where each &) = Z;:f frjdz;. As (w(oo)', J*) spans the cotangent
bundle around p, by linearly recombining functions yi, ...,y and considering
bjx; instead x; for a suitable b; € K — {0}, we assume that each fi;(p), j =
1,...,n —r, is a positive real number.

On the other hand d(dyg o J) Ady; A ... Ady, = 0 and N; = 0; a calculation

shows that these last two conditions are equivalent to system
dag Ndyy N ... Ndy- =0, k=1,...,r

(*) r 9ay,
dipodo) =S @A ZE ) Ndyy A Ady, =0, k=1,..r
(G 0 Jo) ; N o Y1 Y

where Jy = Z;L:_lr aj% ® dz; + ZZ:l O’Biyg ® dyy.
Moreover y(t) = ([T}Z] (t+a;))(t+a)"((J+t1)~1)*(dyi A... Ady,) represents

13



Therefore, in view of (2) of theorem 1, locally Veronese webs correspond
to those solutions of system (x) such that fi1(p),..., fin—r(p) € RT (this last
assumption implies that (dyq, ..., dy., J*) spans the cotangent bundle near p).

Hereafter the standard case will mean that the structured considered are
complex, real analytic, or C*° with » = 1 in this last case. Let S be the
submanifold defined by z; —xp—r = z;(p) —Tpn—r(p), j=1,..n—r—=1[S=M
ifn=rr+1].

The next theorem gives us all solutions of (*) suitable for our purposes.

Theorem 3. In the standard case, given a germ at p of maps py; : S — K,
k=1,..,r, j=1,..,n—r, such that every v1,(p), j =1,....,.n—r, is a positive
real number, then there exists one and only one germ at p on M of 1-forms

dl = Z;l:_lr fl]dx]77 &r = Z;L:_f fr]dxj such that
dag Ndyy A ... Ndy. =0, k=1,..r

() r dan,
d(ayg o Jy) — g N—— | ANdyr A ... ANdy,, =0, k=1,..,r
(o )= 3o Gk )

and that fkj‘s =i, k=1,..,r,j=1,..,n—r.

When r > 2 the tensor field J is not unique and consequently we may
associate more than one model to a same Veronese web; thus our model of every
Veronese web is versal.

To remark that a classification in codimension> 2 seems rather difficult as
the following example shows. Consider a field of 2-planes and a local basis of
it {X,Y}. Let w(t), t € K, be the 1-foliation defined by X + tY. Then to
classify the 1-dimensional (local) Veronese web w = {w(t) | t € K}, roughly
speaking, is like locally classifying the fields of 2-planes in any dimension; but
it is well known the difficult of this problem (first dealt with by Elie Cartan in
”Les systemes de Pfaff & cing variables” and later on by several authors).

Now let us examine the remainder case. Assume r = 1 wuntil the end of
this section. Then a1, ..., ap—1, a completely determines J since Ker(J* —a;I),
j =1,..,n—1, is the annihilator of w(—a;) and Ker(J* — al) that of w(—a).
The next step will be to construct an intrinsic surface S. By technical reasons

one will suppose that aq, ...,an,_1,a are non-equal real numbers.
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The polynomial Z;L;ll Hz;ll;k#j (t + ay) has n — 2 different roots by, ..., b, _o
since it is the derivative of Hz;ll (t+ ag), whose roots are —ay, ..., —a,_1; more-
over by # —a;, {=1,..,.n—2,j=1,..,n—1.

Let R be the germ at p of the leaf of the 1-foliation w(by) N ... Nw(by—2) N
w(oo) passing through this point, and let Sy be the germ at p of the surface
containing R and to which the 1-foliation w(—ay) N ... N w(—a,—1) is tangent.
By construction Sy is intrinsic.

Since R is transverse to every w(—a;), j = 1,...,n — 1, one may take co-
ordinates (z1,...,Zn—1,y) constructed before, with two additional properties:
R is defined by the equations zy = ... = z,_1,y = 0, and z1(p) = ... =
zn-1(p) = y(p) = 0; of course we write y and & = Y 7| f;dz; instead y

and a; = Z;er fijdz;. In these coordinates Sy is defined by the equations

1 =..= X,_1. Moreover
n—1 n—1 n—1
vy ==Y TI C+ans|dz;+ ]+ ar)dy.
j=1 \k=1;k#j k=1

On the other hand ~v(be)(q)((0/0z1) + ... + (0/0xp-1)) =0, L =1,...,n —
2, for every ¢ € R because (0/0x1) + ... + (0/0x,—1) is tangent to R and
T,R = (w(b1) N ... Nw(by—2) Nw(c0))(g). Therefore by, ..., b,—2 are the roots
of Z;L;ll Hz;ll;k-;éj(t + ag)fj(g) when ¢ € R; so fi = ... = f,—1 on R since
b1, ...,bn_o are the roots of Z;l;ll Hz;ll;k# (t+ ar) too, which implies that both
polynomials are equal up to multiplicative factor (conversely, if f1 = ... = f,_1
on R then (9/0x1) + ... + (0/0x,—1) is tangent to this curve and R is defined
by 21 =...=2p-1,y =0).

The change of coordinates between two of such system can be regarded as a
diffeomorphism (1, ...,2p-1,y) = G(z1,...,Zn—1,y). But G has to preserve R,
Sp, the foliations of dimension n—1 defined by dz1,..., dx,—1 and dy respectively
(that is to say w(—ay),..., w(—an,—1) and w(co)), and the origin. Therefore
G(z1, .y Tn-1,y) = (hi(x1), ..., h1(Tn-1), ha(y)) where hi, hy are one variable
functions such that hi(0) = h2(0) = 0 and A’ (0) # 0, h5(0) # 0.

Denote by J" the pull-back of J by the diffeomorphism G. Then dzj o J' =

ajdrj, j=1,..,n—1, and dy o J' = ady + & where
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n—1

& =" W) (W) (B (1), o I (20 1), ha(y))da.
j=1

Now we may take hi, ho in such a way that

(1) (Ra()) ™ fi(ha(@1), oo ha(@n—1), ha(y)) = 1
on the curves xy = ... = 1, y=0,and 1 = ... = 2,1 = 0.

In other words, there exist coordinates (x1, ..., Zn—1, %) as before with a third
additional property: f; = ... = f,_1 =1 on the curve x; = ... = z,,_1, y = 0,
and f; =1 on the curve z; = ... = z,_1 = 0.

In turn, a change of coordinates between two system with this last property
is given by two functions hi, hy such that hj(x1)(h(y))~! = 1 on the curves
X1 = .. = Tpo1, y = 0, and 21 = ... = x,_1 = 0. Therefore h},h) are
constant. In short, the only possible change of coordinates is a homothety of
ratio b € K — {0}, and &' (21, ..., n—1,y) = &(bz1, ..., bTpn_1,by).

A germ at the origin of a map ¢ = (¢1, ..., on_1) from Sy to K"~ ! will be
called admissible if p; = ... = ¢,_1 = 1 on the curve 1 = ... = z,_1, y = 0,
and ¢1 = 1 on the curve 1 = ... = x,—1 = 0. Two admissible germs ¢ and gi_)
will be named equivalent if there exists b € K—{0} such that ¢(z1, ..., 2p_1,y) =
d(bxy, ., brp_1,by).

From theorem 1, theorem 3 and system (*), applied to the last kind of
coordinates system, follows (remark that in this last step the number a does
not play any role, which is due to the fact that a Veronese web is determined

by w(0o) and Jjy(s0)):

Theorem 4. Consider non-equal real numbers ay, ...,a,_1. One has:
(1) Given a Veronese web of codimension 1 on a real or complex n-manifold N

and any point p € N, there exist coordinates (21, ...,Ln—1,Yy) around p such that

21(p) = ... = xn—1(p) = y(p) = 0 and the Veronese web is represented by
n—1 n—1 n—1
) == | II t+anf;|de;+[]¢+ar)dy,
g=1 \k=1;k#j k=1

where & = >70_] fidz; satisfies to the system
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daNdy =0

n—1 ~
oa
d a;fide; | —aN— | Ndy =0,

Z; 3 J 50T Y Y

]_
fi=..=fu_1=1o0nthe curvexy = ... = _1, y = 0, and f1 = 1 on the
curve r1 = ... = xp_1 = 0.
(2) Let Sy be the surface of equation x1 = ... = xp—1 and let ¢ = (1, ..., Pn-1)

be a germ at the origin of a map from Sy to K"~ 1. Assume ¢ admissible. Then
there exists one and only one germ at the origin of 1-form a = Z?:_lr fidz;,

which satisfies to the system of part (1) and such that fj|50 =g, 7=1,..,n—1.

Moreover
n—1 n—1 n—1
vy ==>"| TI t+an)f;]|de;+ [[+ar)dy,
j=1 \k=1;k#j k=1

defines a Veronese web of codimension 1 around the origin.

(3) Finally given two admissible germs at the origin ¢ and ¢ of maps from So
to K"1, the germs of 1-codimensional Veronese webs associated to them by
virtue of part (2) are equivalent, by diffeomorphism, if and only if ¢ and ¢ are

equivalent as admissible germs.
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C. THE LOCAL PRODUCT THEOREM FOR BIHAMILTONIAN
STRUCTURES

One will shows that, around each point of a dense open set (regular points),
a real analytic or holomorphic bihamiltonian structure decomposes into a prod-
uct of a Kronecker bihamiltonian structure and a symplectic one if a necessary
condition on the characteristic polynomial of the symplectic factor holds. More-
over we will give an example of bihamiltonian structure for showing that this
result does not extend to the C'°°- category.

As main tool for this purpose, to any bihamiltonian structure we associate
a new object called a Veronese flag, which generalizes the notion of Veronese
web introduced by Gelfand and Zakharevich (codimension one) and later on
by others authors (higher codimension). After that, and roughly speaking, the
crucial point is to show that, about each regular point, a Veronese flag is the

product of a Veronese web and a pair of compatible symplectic forms.

1. Veronese flags.

On a manifold P consider a foliation F of positive codimension and a mor-
phism of vector bundles ¢ : F — TP. Let A(p), p € P, be the largest ¢-invariant
vector subspace of F(p). We will say that the pair (F, () is a weak Veronese
flag if the following three conditions hold:

1) £*«v is closed on F for every closed 1-form « such that Kera D F,
2) Ny =0,
3) dimA(p) does not depend on p.

It is easily seen that the distribution A = |J,cp A(p) is a foliation when

(F,¥) is a weak Veronese flag.

Lemma 1 Consider a weak Veronese flag (F,{) and for every integer k > 0

set gp = trace((€|4)*). Then kdgii1 = (k+ 1)dg o€ on F.

Now let w,w; be a couple of 2-forms defined on A. One will say that
(F,¢,w,wq) is a Veronese flag on P if:
1) (F, %) is a weak Veronese flag.
2) w is symplectic on A, wy closed and w; = w(¥¢, ) [that is w1 (X,Y) =
wlX,Y)].
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3) Whenever f is a function on an open set of P such that £*df is closed on F,
then Lx ¢ =0 where X is the w-hamiltonian of f along A.

When A = 0, Veronese web and Veronese flag are equivalent notions.

Example. Consider a Veronese web w on a manifold M; and a compatible
symplectic pair (w,w;) on a manifold Ms. Associated to w one has a morphism
0y : Fi1 — TM;, where F; = w(o0); let 5 be the (1,1)-tensor field on My
defined by wy = w(f2, ). With the obvious identifications, on M; x My we
may consider the foliation F = F; & T M,, the morphism ¢ = {1 & {5 and the
forms w,w; along {0} x TMs. Then (F,¥) is a weak Veronese flag, for which
A = {0} x TMs, and (F,¢,w,w;) a Veronese flag.

Coming back to the general problem, on a real or complex m-manifold M

consider a bihamiltonian structure (A, Aq) such that:

1) (A, A1) is maximal, that is every (A(p), A1(p)), p € M, is maximal,

2) the rank of (A, A1) and the dimension of the the symplectic factor at each
point are constant.

Set r = corank(A, A1) and let 2m’ be the dimension of the symplectic factor.
Since r is the number of Kronecker elementary factors, m + r is even and one
may set m = 2m’+2n—r. Note that, at every point, 2n—r equals the sum of the
dimensions of the Kronecker elementary factors (warning these last dimensions
could depend on the point).

Our next aim is locally to associate a Veronese flag in dimension 2m’ +n to
(A, A1). For each p € M let A;(p) be the intersection of all vector subspaces
Im(A+1tA1)(p), t € K, such that rank(A+tA;1)(p) = m —r. From the algebraic
model follows that dim.A;(p) = m —n = 2m’ +n —r. It is not hard to see that
Aj is a foliation, which be called the (primary) axis of (A, A1).

Moreover, Ay C ImA; and dim(Im(A +tA;) + A1) =m —r, t € K. Set
w(t) = Im(A+tA1)+ Ay, t € K; then @ = {w(t) | t € K} is a family of foliations
of codimension r whose limit at each point, when ¢t — oo, is ImA;.

Let N be the local quotient of M by A, which is a n-dimensional manifold,
and mx : M — N the canonical projection. Then @ = {w(t) = (7n).w(t) | t €
K} is a Veronese web on N of codimension 7.

The Poisson structure A is given by a symplectic form @ defined on ImA
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while A is given by a symplectic form form @; on ImA;. Therefore the re-
stricted 2-forms @4, and @y 4, are closed; besides Ker(@4,) = Ker(O1j4,) =
A(AY, ) =A(A], ) where Aj is the annihilator of A; and dim (Ker(@)4,)) =
n —r. Thus Ay = Ker(®4,) is a foliation of dimension n — r, which will be
called the secondary azxis of (A, A1), and Az C A;.

Let P be the local quotient of M by As and wp : M — P the canonical
projection; then dimP = 2m’ + n, A; projects into a 2m’-dimensional foliation
A and @) 4,, @i1)4, in two symplectic forms w, wy; on A. Moreover A projects
in the Poisson structure defined by A and w, whereas A; does in the Poisson
structure defined by A and w;. Let F be the r-codimensional foliation on P
projection of ImA;. Obviously the local quotient of P by A is identified in a
natural way to N and womp = mn where 7w : P — N is the canonical projection.
In short, we have three of the four elements of a Veronese flag on P. Let us
construct the fourth one.

As A(A}, ) = A(A], )= Ay and A] contains KerA and KerA;, the

Poisson structures A, A, give rise to two isomorphisms A, A\; from TA—,M to IZLZA
1

and % respectively, by setting A([a]) = [A(a, )] and Ay([a]) = [Ar(e, )]

Thus £ = Ao 5\1_1 is a monomorphism from % to % whose image equals

IZA. By construction ¢ is an invariant of (A, A1); moreover ? projects into

a morphism ¢ : 7 — TP. In turn, a non-elementary calculation shows that

(F,l,w,wq) is a Veronese flag.

2. The local product theorem

Consider a bihamiltonian structure (A, A1) on a real or complex manifold M
of dimension m. The set of all p € M such that rank(A, A;) is constant about
p is open and dense. For simplicity sake, suppose r = corank(A, A1) locally
constant by the moment. Since our problem is local, by considering (1—b)A+bA
and (1 — b)A + V'A; for suitable scalars b,b" instead of A, A;, we may assume
maximal (A, A1), that is r = corankA = corankA; = corank(A, A1), without
loss of generality.

In turn, it is easily seen that the dimension of A; and that of the symplectic
factor are locally constant on a dense open set.

Observe that if (A, A1) decomposes into a product near p, then the dimension

of the symplectic factor has to be constant close to p.
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In short, suppose that on an open set M’ C M the bihamiltonian structure
is maximal and its rank and the dimension of the symplectic factor are constant.
Then, following section 1, set m = 2m’ + 2n — r where 2m’ is the dimension
of the symplectic factor and consider the Veronese flag (F, ¢, w,w1) on the local
quotient P of M’ by the secondary axis As.

Let ¢ = £2m 4 Z?:(;_lﬁjtj be the characteristic polynomial of the sym-
plectic factor of (A, Ay) on M, that is 2™ + Z?;n(;_l ﬁj (p)t?, for each p € M’,
is the characteristic polynomial of the symplectic factor of (A(p), A1(p)) when
regarded as a couple of (linear) symplectic forms.

On the other hand let ¢ = 2m’ 4 Z?Z;_l h;t? be the characteristic polyno-
mial of /| 4. By means of the algebraic model of (A(p), A1(p)) it is not hard to see
that the symplectic factor of (A(p), A1(p)) is isomorphic to (w(mp(p)), w1 (mp(p))).
Thus the characteristic polynomial of (£4)(7p(p)) equals ¢(p), that is locally
711' =hjonp, j =0,..,2m' — 1, which in particular shows the differentiability

of Fflo, ...,}VLQm/,l.

Proposition 1. The functions 710, ...,iNLme_l are in tnvolution both for A
and Ni. Moreover {A(diLj, )(P)}j=o0,....2m'—1 and {Al(dﬁj, )(P)}j=0,....2m'—1

span the same vector subspace of T,M' for any p € M'.

Now assume that (M’, A, A;) is diffeomorphic to a product of a Kronecker bi-
hamiltonian structure and a symplectic one (My, A", A]) x (Ma, A", AY). Let By
and By be the foliations given by the first and second factor respectively. Then
A1 D By and Em ...,Egm/,l are Bi-foliate functions; therefore the dimension of
the vector subspace of T M' spanned by dﬁo(q), ey dﬁgmz_l(q) equals the di-
mension of the vector subspace of Af(q) spanned by dﬁol/h(q)» e dﬁ?W—HAl(q)
whenever ¢ € M'. Thus the foregoing property is necessary for the existence
of a local decomposition into a product of a Kronecker bihamiltonian structure
and a symplectic one.

A point p of M is called regular for (A, Ay) if the three following conditions
hold:

1) The rank (A, Ap) is constant on an open neighbourhood M’ of this point.

Observe that this first condition allows assuming maximal (A, A1) by replac-

ing (A, A1) by (1—b)A+0bA; and (1 — ')A+ b'Ay, for suitable scalars b,b’, and
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shrinking M’. Then:

2) The dimension of the symplectic factor is constant near p, that is on M’ by
shrinking this neighbourhood again if necessary.

3) The point wp(p) is regular for £ 4.

Obviously there are many choices of scalars b, b’ such that ((1—b)A+bAq, (1—
b')A+b' A1) is maximal around p, but it is easily checked that conditions 2) and
3) do not depend on them.

Since the set of regular points of ¢4 is open and dense and the projection
mp is a submersion, the set of regular points of (A, A1) is dense and open on M;

it will be named the regular open set.

Theorem 1. Consider a real analytic or holomorphic bihamiltonian struc-
ture (A, A1) on M and a regular point p. Let g = t2™ + Z?;ﬂé_lﬁjtj be the
characteristic polynomial of the symplectic factor of (A, A1) near p. Assume
that when q is close to p the vector subspace spanned by dﬁo(q), ...7dﬁgmr,1(q)
and that spanned by d?lo‘Al(q), - dﬁgm/_l A1 (q) have the same dimension. Then,
around p, (A, A1) decomposes into a product of a Kronecker bihamiltonian struc-
ture and a symplectic one.

Moreover, if ¢(p) only has real roots then in the C™ category (A, A1) locally

decomposes into a product Kronecker-symplectic.

The way for proving this theorem is to show that the Veronese flag (F, ¢, w, w1),
associated to (A, Aq) on the local quotient by the secondary axis, locally decom-
poses into a product. That is to say, showing the existence around any point of a
(1,1)-tensor field G that extends £ and coordinates (2, z) = (L1, ..., Tn, 21, --vs Z2m/)
such that dz1 = ... = dz,, = 0 defines A, G = szzl g;k(x)(0/0x;) ® dxy, +
2372;1 hjk(2)(0/0z;) ® dzi, and the coefficient functions of w,w; with respect
to dz1) 4, .-, dz2m/| 4 only depend on z. Then, it suffices to consider, on an open
set of M, the foliation Ker(np(dz1 A ... A dza,)) and that spanned by the A-
hamiltonians of zy o7p, ..., 29, 0 wp, which gives us the required decomposition
into a product.

Note that if a bihamiltonian structure decomposes into a product Kronecker-

symplectic, then its associated Veronese flag does into a product as well.

3. The bihamiltonian structure over a (1,1)-tensor field and a
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foliation.

Let N be a n-manifold. Recall that on A"T* N it is defined a r-form R, called
the Liouville r-form, as follows: if v1,...,v, € T,(A"T*N) then R(vy,...,v,) =
w(mevy, ..., vy ) where w : A"T*N — N is the canonical projection. In turn
) = dR will be named the Liouville (r + 1)-form of A"T*N. When r = 1,
that is on the cotangent bundle, the Liouville forms will be denoted p and w
respectively.

Given a (1, 1)-tensor field H on N, let gy : T*N — T*N be the morphism
of vector bundles defined by ¢y (7) = 7o H, that is ¢y (7)(v) = 7(Hv). Set
w1 = @jw. Then the formula wy(X,Y) = w(H*X,Y) gives rise to a (1,1)-
tensor field H* on T* N as manifold, which will be called the prolongation of H
(to the cotangent bundle).

Now suppose that H is an inversible (1, 1)-tensor field and G a r-codimensional
foliation both of them defined on N. Assume that:

1) awo H is closed on G whichever « is a closed 1-form such that Kera D G,
2) the restriction of Ny to G vanishes.

Let Gy be the w-orthogonal of the foliation 7,1 (HG) = {v € T(T*N) | m.v €
HG}, which equals the w;-orthogonal of the foliation 7 1(G) = {v € T(T*N) |
mv € G} because wy = w(H*, ) and H* projects in H. Note that Gy is a
symplecticly complete foliation (also called a Libermann foliation) for w and
wi. On the other hand the quotient M of T*N by G is globally defined and
there is a projection 7’ : M — N such that 7’ o # = m, where @ : T*N — M
is the canonical projection. In fact, M can be regarded as the quotient of T*N
by a vector sub-bundle and 7’ : M — N as its quotient vector bundle.

Since Gy is both w and w; symplecticly complete, the Poisson structures A,
and A, , respectively associated to w and wy, project in two Poisson structures

A and Ay on M.
Proposition 2. The pair (A, A1) is a bihamiltonian structure.

Examples. 1) On N = K", n > 1, consider the foliation given by the closed
1-form o = Z?:l dx; and the (1, 1)-tensor field H = Z;;l hj(z;)(0/0x;) @ dx;
where the functions Ay, ..., h, never vanish. Then the associated bihamiltonian

structure (A, A1), defined on M = T™*(K"™) /Gy, has a symplectic factor of positive
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dimension at p € M if and only if h(7'(p)) = 0 where h = [licjcnen(hy — hu).
In other words (A, A1) is Kronecker just on the open set (ho7')~ (K — {0}).
2) Now on N = R"™ — {0}, n > 1, consider the foliation G defined by o =
Z?=1 x?j dx;, where ay, ..., a, are positive natural numbers, and the (1, 1)-tensor
field H = Z?Zl J(0/0z;) @ dxj. Then the associated bihamiltonian structure
(A, A1), defined on M = T*(R™ — {0})/Go, has non-trivial symplectic factor on
the closed set (hon')~1(0), where h = z1 - - - x,,, and is Kronecker on the open
set (ho7)~Y(R — {0}).

Let ¢; be the flow of the vector field & = 377, (a; + 1)"t2;0/0x;. As
Lea = o and LeH = 0, the foliation G and the (1, 1)-tensor field H project
in a foliation G and a (1,1)-tensor field H respectively, defined on the quotient
manifold N = (R"—{0})/G where G = {¢y, | k € Z}. Obviously G and H satisfy
1) and 2), which gives rise to a bihamiltonian structure on M = (T*N)/Go.

Moreover N is diffeomorphic to S x $™~1.

4. A counter-example.

Here one will apply the construction of the foregoing section to N = R7
endowed with coordinates (x,y) = (21,22, %3, Y1, Y2, Y3, y4), the foliation G =
Ker(ay Aas) where a; = dxy —dxo and ay = xadxs —dxs, and the (1, 1)-tensor

field

H=Y"_10a;(0/0r;) ® dz; + Y51 [(0/0ya;) ® dyaj—1 — (0/Dyzj—1) ® dya;]
+(0/0y1) ® dys + (0/0y2) @ dya

+[(y391 — Y492)(9/0y1) + (y392 + ya91)(0/y2)] @ dxy

where a1, as,a3 are non-equal and non-vanishing real numbers and functions
g1, g2 only depend on .

Now dimGo = 2, dimM = 12, the secondary axis As of (A, A1) has dimension
one and the quotient P = M/ Ay, which is globally defined, is a vector bundle
over R7.

Moreover, (A, A1) defines a G-structure and the characteristic polynomial of
its symplectic factor equals (#2 + 1)*; therefore any point of M is regular and
the hypothesis of theorem 1 on the coefficients of this polynomial automatically

holds.
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A calculation shows that if the Veronese flag on P associated to (A, Aq)
decomposes into a product around some point, then there exists a function ¢
on some non-empty open set such that

(*) (JX —1X) - p+g1+192=0
where X = 0/0x14+0/0x9+120/0x3 and JX = a10/0x14a20/0x2+a3220/0x3.

But this equation is equivalent to the Lewy’s example, which allows us to
chose two C° functions g1, g2 : R® — R for which (*) has no solution in any
neighbourhood of any point of R3.

Thus a counter-example to theorem 1 is constructed in the C* category.
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