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Lecture 1

References: [Arn73]

Basic objects: M a manifold (smooth, analytic etc.), for ezample M = R"; the tangent bundle
T:TM — M | for example pry : R® x R® — R"; the cotangent bundle 7 : T*M — M, for example
pry : R* x (R")* — R™, £(M) the set of functions on M (smooth, analytic, etc.)

A vector field v € I'(TM): a section of the tangent bundle, i.e. a map (smooth, analytic etc.)
v: M — TM such that 7 ov = Idy. Local description v(z) = (3,)v'(2)5% (we will skip the sum
sign - ”Einstein convention”), here z € M, (z', ..., z") local coordinates on U C M, {%} the corre-
sponding basis of the fiber of the tangent bundle, v* € £(U). For example v(x) = (z,v!(x) ..., v"(x))

(a vector function).

Another point of view: v is a differentiation of the algebra £(M), i.e. an R-linear map v : E(M) —
E(M) with v(fg) = v(f)g + fu(g)-

Commutator of vector fields: [,] : I'(TM) x I'(TM) — ['(TM),[v,w]i(z) = vi(x)2ele) _
wj(x)ag—x(f).

Another point of view: [v,w]f = (vw — wv)f (commutator of differentiations). Exercise: check
that the commutator of differentiations is a differentiation.

A Lie algebra on a vector space V: a bilinear skew-symmetric operation [,] : V xV — V
satisfying the Jacobi Identity:

L [z,[y, 2]l + [y, [z, 2]] + |2, [#,y]] = 0 Vz,y,2 € V, or, equivalently,
2. ad,[y, z] = [ady, 2] + [y, ad,z| Vo, y, 2 € V| where ad,y := [z, y], or, equivalently,

3. ady,) = [ad,ad,] Yo,y € V, where the bracket in the RHS denotes the commutator of the
operators.



The second condition means that ad, is a differentiation of the bracket [,]. The third one has the
following interpretation. A pair (V,[,]), where V' is a vector space and [,]: V' x V — V is a bilinear
operation, is called an algebra. Given algebras (Vi,[,]1) and (Va,[,]2), we say that a linear map
L : Vi — V4 is a homomorphism of algebras, if L|x,y|; = [Lzx, Lyl Vx,y € V4.

So the third condition means that the map = — ad, : V' — End(V') a homomorphism of algebras
(V,[,]) and (End(V),[,]). Note that the last algebra is in fact a Lie algebra. A homomorphism of
Lie algebras (V,[,]) — (End(W),[,]) is called a representation of the Lie algebra (V,[,]) in the vector
space W (so z — ad, is a representation of (V,[,]) in V).

EXAMPLES:
1. V = End(W) with commutator, in other words V' = Mat,,«,(R) = gl(n,R), [A, B] := AB—BA.
2. V =sl(n,R) (traceless matrices), V' = so(n,R) (skew symmetric matrices), etc.

3. V = I'(T'M) with commutator of vector fields.

Ordinary differential equation on a manifold:

dc .
a(;U) =v(z), (or & = v(z) for short)

here v € I'(T'M) is given, ¢ is unknown. A solution of this equation (or a trajectory of v) with an
initial condition xy € M is a curve ¢ : R — M such that ¢(0) = z, and the vector v(z) is tangent to
c at any x € ¢(R).

A solution always exists locally and is unique: in local coordinates (z',...,x™) we have v =
v'(z) aawi and the equation is equivalent to the system of ODE
dct(t ,
®) =v'(c'(t),...,c"(t),i=1,...,n
dt
with the initial condition ¢’(0) = x},i = 1,...,n, and we can use the corresponding existence-

uniqueness theorem.

Globally, if suppv := {x € M | v(x) # 0} is compact (eg. M is compact itself) one can extend
any local solution to a global (in time and space) solution.

EXAMPLE 1: ”NONEXTENDABILITY IN TIME”: M :=|0,1[,& = 1.

EXAMPLE 2: ”NONEXTENDABILITY IN SPACE”: M =R, 3 = 2.

EXAMPLE 3: ”WINDING LINE ON A TORUS”: M := T? = R?/Z?, the vector field v, := a% +b%,

where a,b €]0, oo are fixed, can be projected onto the vector field 9,;, on T?. Its trajectories are the
projections ¢t — P(z! + at, x* + bt) of the lines t — (z' + at, x? + bt).

Rational case: b/a is a rational number, b = mA,a = n\ for some X\ € R. Then for ¢ := 1/\ we
have (z' +at, 2? +bt) = (z' +m, 2% +n) and P(z' +at, 2? +bt) = P(x', 2?) (the trajectory is closed,
i.e. periodic).

Irrational case: b/a is an irrational number (any trajectory is dense in M).



A submanifold S of M of codimension 7: A subset N C M such that there exists an atlas
A = {(Us,¥a) Yaca; Yo = WL, ... 47) : U, — R" on M with NNU, = {x € U, | ¥.(z) =
0,...¢"(z) = 0} for those a € A for which N N U, # 0.

Smooth maps and submanifolds: A smooth map F : M; — M, is called an immersion if
T B Ty My — Tr(myMs, is injective for any m € M;. The image of an injective immersion is called
an immersed submanifold. An injective immersion F' is an embedding if F' is a homeomorphism onto
F (M), where F (M) is endowed with the topology induced from M.

Remarks: 1. The image N := F(M;) of an embedding is a submanifold in M, and, vice versa,
given a submanifold N C M, the inclusion N — M is an embedding. 2. If N C M is an immersed
submanifold, then for any x € N there exists an open neighbourhood U of x in M such that the
connected component of N N U containing x is a submanifold in U. Vice versa, ...

Example of an immersed submanifold, which is not a submanifold: ”The irrational torus
winding” R — T2,

A foliation F of codimension r on M : A collection F = {F3}gep of path-connected sets on M
such that there exists an atlas A := {(U,, %) }aca on M with the following properties:

L MZU&EBFm
2. FyN FE, =0 for any 3,7,0 # ;

3. for any aw € A and any (cq,...,¢.) € ¥4(U,) there exists § € B such that the set {z € U, |
P (z) = ¢1,... 0" (x) = ¢} coincides with one of the path-connected components of the set
U, N Fp if it is nonempty.

By the remark above the sets Fjz are immersed submanifolds.
ExaMmPLE: Collection of the trajectories of the vector field v, on T2.

A distribution D on M of codimension r: A subbundle of the tangent bundle T'M with the
r-codimensional fiber, or in other words a collection of subspaces D, C T, M smoothly (analytically)
depending on = € M. Such a distribution is locally spanned by n — r linearly independent (at each
point) vector fields.

EXAMPLE : The distribution tangent to a foliation: D = TF := {v € TM | v is tangent to F}.
Integrable distribution: A distribution which is tangent to some foliation.

ExamMpLE: Take a nonvanishing vector field v € I'(T'M) (if it exists) and put D, = Ro(x). This is
an integrable 1-dimensional distribution tangent to the trajectories of the vector field v.

Involutive distribution: A distribution D such that for any two vector fields X,Y € I'(T'M)
which are tangent to D (i.e. X(x),Y(z) € D, for any x € M) their commutator [X,Y] is also
tangent to D (equivalently, locally there exist vy, ..., vm,v; € I'(T'M), and functions i’;- such that
Span{vi,..., vy} =D and [v;, v;] = fi’}vk; FEzercise: prove the equivalence).

The Frobenius theorem (standard): A distribution D is integrable if and only if it is involutive.
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Example of nonintegrable distribution: X = % + y%, Y = g—y.
A generalized distribution D on M of codimension r: A collection of subspaces D, C T, M
locally spanned by n — r vector fields linearly independent at least at one point (but not necessarily

linearly independent at other points).
A generalized foliation F on M:

Example of a generalized foliation which is not a foliation: The trajectories of a vector field
1.0 2.0

L oaT t ox2"

The generalized Frobenius theorem (Nagano [Nag66]): An analytic generalized distribution
D is integrable if and only if it is involutive, i.e. for any two vector fields X,Y € I'(T'M) which are
tangent to D (i.e. X(x),Y (x) € D, for any x € M) their commutator [X, Y] is also tangent to D.

An example of smooth involutive nonintegrable distribution: Let ¢(z) be a smooth function
on R such that ¢(x) = 0 for © < 0 and p(z) > 0 for > 0. Take X = &Y = F. on R*. Then

(X,Y]:= &pg can be expressed as a linear combination of X, Y. But it is nonintegrable: look at its
"leaves”.
Lecture II

References: [dSW99, Arn89]

A bivector field on M: A section (smooth, analytic) 1 of the second exterior power of the tangent
bundle A*TM. Locally n = 1 (x) aazz A 8J, 7 (z) being a skew-symmetric matrix depending on
x e M.

A covector field on M (differential 1-form): A section 7 of the bundle T*M. Locally v =
vi(z)dzt.

A differential 2-form on M: A section w of the second exterior power of the cotangent bundle
N’ T*M. Locally w = w;;(x)da’ A da?.

Bivector fields and 2-forms as morphisms: Let n € I'(A°TM) and v € I'(T*M). The
contraction yan =: n(vy) (in the first index) is a vector field defined by v = Uj(a:)a%,zﬂ () =

vi(x)n¥ (x). Since this operation is pointwise it defines a morphism of bundles n* : T*M — TM, i.e
a smooth map such that the following diagram is commutative

f
™M "~ TM

l lw

M __— M
and the induced mappings n? : T*M — T,M are linear for any x € M. Note that it is skew-
symmetric, i.e. (n*)* = —nf. Conversely, given such a morphism, we can construct a bivector field.

Analogously, a differential 2-form w defines a skew-symmetric morphism «” : TM — T*M.

A symplectic form on M: A differential 2-form (2-form for short) w on M such that
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1. w is nondegenerate, i.e. w” is an isomorphism of bundles, or, equivalently, w;j(x) is a nonde-

generate matrix for any  in some (consequently in any) local coordinate system;

2. dw=0.

A nondegenerate Poisson structure on M: A bivector field (bivector for short) n such that
nt: T*M — TM is inverse to w’ : TM — T*M for some symplectic form w.

The Poisson bracket on £(M): Given a bivector field n : T*M — T'M (not necessarily Poisson),
put {f, g} :=n(df)g, f,g € E(M). (From now on we will often skip £ and b indices.) Then {, } is a
bilinear skew-symmetric operation on £(M). We say that n(f) := n(df) is a hamiltonian vector field
corresponding to the function f.

PROPOSITION. Let 7 be a nondegenerate bivector. Then it is Poisson if and only if {, } satisfies the
Jacobi identity, . ., {{f g}, h} =0. O

Proof Put w =

n(f)w(n(g),n(h))
w([n(f), n(g)l, mh

= a(v) for any vector field v and 1-form a. Then

nt ie w(n(a),v)

=n(f )( g(n(h)) = n(f)(n(h)g) = n(f){h,g} = {f.{h,9}} = —{f,{g,h}} and

)) = —w(h),n(f),n(g)]) = —dh([n(f),n(g)]) = —[n(f),n(g)lh = —n(fInlg)h +

n(gn(f)h = —n(f){g, h} +n(@){f,h} = —{f,{g,h}} + {9, {f, h}}. Thus dw(n(f),n(g),n(h)) =
7

ult
Dep. fgh77( Jw(n(g),n ( )) —w(n(f);n(@),n(h) = —>c, ronl9:{fsh}} (we use the Cartan for-
mula (dw)(X,Y,Z) = 3. xyz Xw(Y,Z) —w([X,Y],Z)). So, if dw = 0, then {,} satisfies the

Jacobi identity.

g
(

Conversely, if the JI holds, dw vanishes on all hamiltonian vector fields. To finish the proof it
remains to note that the hamiltonian vector fields span T, M at any x € M. Indeed, it is enough to
take n(z?), where (z%) are local coordinates.

Example: the canonical symplectic structure on the cotangent bundle 77Q: Let 7 :
T*CQ) — (@ be a cotangent bundle to a manifold (). There is a canonical differential 1-form \ €
I(T*M),M = T*Q determined uniquely by the following condition: for any o € I'(T*Q), the
following equality holds a*A = a, here « in the LHS is regarded as a map o : @ — T*Q. We
call X the Liowwille 1-form. If (U,q¢',...,q") is a local chart on Q, the 1-forms dq', ..., dg" form a
basis of the vector space T;Q,z € U, and define the chart (71'(51([]), q,...,q",p1,...,pn). In these
coordinates A = p;dg’. Indeed, o : (¢',...,¢") — (¢*,...,q¢" a1(q), ..., an(q)), where a = a;(q)dq".
Thus a*\ = o;(q)dq’ = a.

The canonical symplectic form w on M is given by w := d, or, locally, w = dp; A dq'.

Hamiltonian differential equation on a symplectic manifold (M,w): The ODE related to a
hamiltonian vector field n(f), f € £ ( ) here n = w™!. In the context of the example above (in the

canonical coordinates (¢q,p)): n = —2 - A a“n(H) = g—gg—p — g_f%m the corresponding equations
read:

i _aH(q,p) 5, = 2 @p)
opt g

A Poisson structure on M: A bivector n : T*M — TM (not necessarily nondegenerate) such
that the corresponding bracket {, } on £(M) satisfies the Jacobi identity (JI for short).
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Consider the Lie algebra (£(M), {,}) on a Poisson manifold. The corresponding ads-operator,
f € &E(M), coincides with n(f) : E(M) — E(M).

The characteristic (generalized) distribution of a Poisson structure n : T*M — TM:
D, := imn (locally generated by the hamiltonian vector fields n(z'),...,n(z"), where (z',... 2")
are some local coordinates).

By the third form of the JI the map f — n(f),(E(M),{,}) — (I'(T'M),[,]) is a homomor-

phism of Lie algebras, here [,| is the commutator of vector fields. This implies involutivity of
Dy: [n(a’),n(a?)] = n({z',27}) = n(y”(z)), where n = 77(x)Fs A 4. On the other hand,
n(f) = n(x) 2L 2 = 2Ln(x?) for any f. In particular, [n(z),n(z7)] is a linear combination (with

smooth coefficients) of n(z!), ..., n(z").

Theorem: The characteristic distribution D,, is integrable (we call the corresponding foliation char-
acteristic or symplectic).

Proof In analytic category this follows from the involutivity of D by the generalized Frobenius
theorem. In the smooth case this is also true, but the proof is more complicated, so we skip it. [

Digression on linear algebra of bivectors: Let V' be a vector space and e a bivector on V. Then
e can be treated as: 1) an element e € A*V; 2) a linear skew-symmetric map ef : V* — V; 3) a
bilinear form € on V*.

PROPOSITION. Let W := ime! C V. Then there exists a correctly defined bivector ey € A* W,
called the restriction of e to W. Moreover, the restriction e|y is nondegenerate, i.e. e[%,[, W =W
is an isomorphism.

Proof I. A theorem from linear algebra says that there exists a basis vy,...,v, of V such that
e = vy ANVg+ -+ + vgp_1 A Vg (the number 2k is equal to dim W and is called the rank of e). It is
easy to see that vy, ..., ve, span W. [

Proof I e is skew-symmetric, i.e. (ef)* = —ef. This implies ker ¢ = (im e)*, where (-)* stands for
the annihilator of (-). So the natural isomorphism é : V*/keref — ime* = W induced by e can
regarded as a map from W* = V*/(W+) to W C V. The map ¢é being skew-symmetric induces the
element of \” W, which we denote by e|y. O

Proof III. Let w be a skew-symmetric bilinear form on a vector space L. Put kerw := {z € L |
w(z,y) =0 Vy € L}. The form is called nondegenerate if ker w = {0}.

Any w induces a nondegenerate skew-symmetric bilinear form on the vector space L/ ker w.

Treating e as a skew-symmetric bilinear form € on V* we have ker é = ker ¢f. The restriction ey
treated as a skew-symmetric bilinear form on W* = V*/ker € is the above mentioned nondegenerate
form induced from e. [J

Symplectic leaves of a Poisson structure 1 on M: These are the leaves of the characteristic
foliation D,. Since D, , = imn? for any z € M, the bivector n admits a restriction n|s to any
symplectic leaf S C M, which is a nondegenerate bivector on S. Moreover, since any hamiltonian
vector field n(f) is tangent to S at points of S, the value {f, g}(z) = (n(f)g)(x),z € S, depends only
of g|s and by the skew-symmetry the same is true with respect to f. In other words, {f|s,g|s}nys =



({f,9}y)|s for any f, g € £(M) and the operation {, }, satisfies the JI, hence 7|s is a nondegenerate
Poisson structure on S. This explains the term ”symplectic leaf” ((n|s)™"! is a symplectic form).

Example 1: Let M := R% = 2'2; A 2;. On the open set U := {z! # 0} the form (n|y)~" =
—(1/2")dx A da? is symplectic. Thus the JI holds for {, },, on U and by continuity it holds also on
the whole M. The symplectic leaves are U and all the points on the line {z' = 0}.

Example 2: Let M := R% 7 = 2 A 2, On each plane P, := {2 = ¢} the form (n|p)~" =
—dzt A dz? is symplectic. The JI holds for {, }, on P, for any c € R. Since P, sweep the whole space
M as c runs through R, the JI holds for {, },, globally. The symplectic leaves are the planes P..
Example 3: Let M :=R3 n=2'2; A L5 + 222 A 2 4+ 2320 A 2, (we will prove that this is a
Poisson bivector later). The symplectic leaves are .

Example 4: Let M = T? x R, let y be a coordinate on the second component. Put n = o, A g—,
where 7, is the generator of winding line. 7 is Poisson because locally it looks like the bivector from
Example 2. If b/a is irrational, the symplectic leaves (which are two-dimensional) are dense in M.

Casimir functions of a Poisson structure n on M: Let U C M be an open set. We say
that f € E(U) is a Casimir function if n(f) = 0 on U. In particular, since {f,g} = n(f)g on U
the Casimir functions constitute the centre of the Lie algebra (£(U),{, }|v). The space of Casimir
functions over U will be denoted by C,(U).

PrRoOPOSITION. The Casimir functions are constant on the leaves of the symplectic foliation.

Proof We have n(f)g = —n(g)f = 0 for any f € C,(U),g € E(U). So, since n(g) span the
characteristic distribution, f is constant along its leaves. [J

Example 1’: C,(M) = R, the space of constant functions.
Example 2°: C,(M) = Fun(z?), the space of functions functionally generated by .

Example 3’: C,(M) = Fun((z')? + (z?)* + (2*)?). Hence the symplectic leaves are the concentric
spheres and the point {(0,0,0)}.

Example 4’: If b/a is irrational C, (M) = R. However, for sufficiently small U the space C,(U) will
be functionally generated by one nonconstant function. So ”local Casimirs” are not obtained as the
restriction of the ”global Casimirs”.

Lie—Poisson structures, Definition I: Let (g, [,]) be a finite-dimensional Lie algebra, g* its dual
space (space of linear functionals on g). Given f, g € £(g*) define { f, g}q4(x) := (, [df |2, dgl.]), z € g*.
Here we identify 7.g* with g, (,) stands for the canonical pairing between vectors and covectors.

Lie—Poisson structures, Definition II: Let (g, [,]) be a finite-dimensional Lie algebra, ey, ..., e, €
g its basis, 71 = ej1,...,x, = e, these vectors regarded as linear functions on g* (in particular
1,...,%, are linear coordinates on g*). Let [e;, e;] = cfjex (cfj are called the structure constants

corresponding to the basis ey, ..., e,). Put ny:= cf;a:k T /\ ‘9
PROPOSITION. The bivector corresponding to the bracket {, }4 coincides with 7.
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Proof Ezercise: Prove that, given {, } : E(M) x E(M) — E(M), a bilinear skew-symmetric operation
being a differentiation with respect to each argument, there exists a bivector € I'(Q* T'M) such

that {f, g} = n(df, dg).
Let n = nij(x)g—m A %ﬂ_ be the bivector corresponding to {,}, Take f := z;,¢ := x;, then
{f,g}(z) = n"(z). On the other hand, by Definition I, {f, g}(z) = (z, [z, z;]) = };z}. O

Exercise: 1) Let n € I'(A>TM), in local coordinates n = 5% (z)2- A 2-. Show that the JI for

ox; Ox;
{1 {f 9} = 07 (2) 2L 22 holds if and only if the expression
ijk ir
gt = Y 0" (@) o0 (a)

C~p~ivj7k

vanishes for all 7,5,k € {1,...,n}. 2) Show that, given 1,¢ € I'(A*TM),n = n(z) & N 2 ¢ =

ox; Ox;

i ()9 A 9— i
¢ (x) o5 N oa; the expression

g 1 , o . 4 o0

gk .~ ir Y ik ir 1

. (8" =5 20 0" (@) 5 @) + ¢ (@) g (@)
c.p. 1,4,k

is a local representation of a trivector on M (called the Schouten bracket of n and ().
Proof of the Jacobi identity for the Lie-Poisson structure: [ng,7,%" = D epiik iy

l»rc;fk = 0 for all [,4, 5, k, which is

The last expression vanishes for all 7, 7, k if and only if Zc.p.i kG

equivalent to the JI for [,]. O

An action of a Lie algebra g on a manifold: A homomorphism of Lie algebras p : (g,[,]) —
(I'(TM),[,]) (in the target space [,] stands for the commutator of vector fields) is called a (right)
action of g on M (a left action corresponds to an antihomomorphism, i.e. a map p : (g,[,]) —
(I(TM),[,]) such that p((o, w]) = —[p(v), p(w)], v, € g).

Orbits of an action p: (g,[,]) — (I'(TM),[,]): Put D, :={p(v)|. | v € g}, z € M.

PROPOSITION. Let g be finite-dimensional. Then the generalized distribution D := {D,},en is
integrable.

Proof The distribution D is involutive: [p(v), p(w)] = p([v,w]). Thus in the analytic category the
proof follows from the generalized Frobenius theorem. We skip the proof in the smooth case (roughly

it consists in integrating the action of the Lie algebra to a local action of the corresponding Lie group).
OJ

The leaves of the corresponding generalized foliation are called the orbits of the action p. If the
Lie algebra g is finite-dimensional, the action can be ”integrated” to a local action of a Lie group G
such that g is its Lie algebra. Then the orbits of the Lie algebra action and of the Lie group action
coincide.

Linear representations and actions: Let V be a vector space and A € End(V) a linear operator.
It induces a uniquely defined vector field A on V given by = +— (z,Az) : V - V xV 2 TV. If
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€1,...,€y is a basis of V, zt, ..., 2" the dual basis of V* (i.e. the coordinates on V) and Ae; = Aje;,
we have A = Aﬂxi%.

Ezercise: The map A — A : End(V) — I'(TV) is an antihomorphism of Lie algebras, i.c. a left
action of the Lie algebra End(V) on V.

Let L: (g,[,]) — (End(V),],]) be a representation of a Lie algebra g in a vector space V. Then

the map L : g — I'(TM), L(z) := f(\x/) is a left action of g on the manifold V. Note, that the dual
representation L* : g — End(V*) given by L*(v) := (L(v))* is an antihomomorphism, hence the map

—_——

L* : g — I'(TM), L*(v) :== (L(v))* is a right action of g on V.

The adjoint and coadjoint actions: Let (g,[,]) be a Lie algebra. The homomorphism v — ad, :
g — End(g), where ad,w := [v, w], gives the adjoint representation (of g on g). The corresponding

(left) action v — ad, : g — I'(T'g) is also called adjoint. The homomorphism v — ad} : g — End(g*),

where ad} is the transposed operator to ad,, and the corresponding (right) action v — ad} : g —
I'(Tg*) are called the coadjoint (anti)representation and action, respectively.

The symplectic leaves of the Lie-Poisson structure 7, on g* coincide with the orbits of the
coadjoint action : We claim that ad) = n4(v"), where v" denotes the linear function on g* defined

by an element v € g. Indeed, let v = vie;, then v/ = viz;. Here x4, ..., x, are the elements ey, ..., e,
i i * = ik fpi — pich ok = vt g0
regarded as linear functions on g*. Then adye; = v/cjier, ad;a’ = v/, hence ad,, = v/¢j ;75—

The last expression obviously coincides with 74(v"). O

An invariant symmetric bilinear form on (g,[,]): A symmetric bilinear form (,) : g x g — R
satisfying the equality (ad,y, z) = —(y,ad,z) for any x,y, z € g.

PROPOSITION. Let (,) be a nondegenerate invariant symmetric bilinear form on g. Identify g with
g* by means of the map v — (v,-). Then the adjoint orbits become coadjoint ones under this
identification.

Proof Indeed, if A : g — g is a linear operator the transposed operator A* : g* — g* becomes the
adjoint one under this identification: (A*y,z) = (y, Az) for any y,z € g. Thus ad], becomes —ad,.
OJ

Notations (for the Lie algebras): gl(n,R) := {n x n — matrices with real entries}, sl(n,R) :=
{z € gl(n,R) | Tr(z) = 0},50(n,R) := {x € gl(n,R) | z = —zT}

The sets above are Lie algebras with respect to the commutator of matrices.

Notations (for the Lie Groups): GL(n,R) := {X € gl(n,R) | det X # 0},SL(n,R) :={X €
gl(n,R) | det X = 1},S0(n,R) := {X € gl(n,R) | XXT = I,}. All these sets are groups with
respect to the matrix multiplication. It is easy to see that if x € g, where g is one of the Lie algebras
above, then exp(z) € G, where G is the corresponding Lie group. Also g = T;G.

The Lie algebras from Examples 1-4, below, have an invariant nondegenerate symmetric form
(x,y) = Tr(zy) by means of which we can make an identification g = g*. The coadjoint orbits are
identified with the adjoint ones, which can be described as the orbits of the corresponding Lie group
with respect to the conjugation of matrices: {XzX 1| X € G},z € g.
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Example 1: g := gl(n,R),C,, (9) = Fun(Tr(z), Tr(z?),..., Tr(z")).

Example 2: g := sl(n,R),C,,(9) = Fun(Tr(z?),...,Tr(z")). In particular, for n = 2 we have
a basis e; := €11 — €99, €9 = 612,62 = 621 and the commutation relations [e1, e5] = 2ey, [e1, €3] =
—2es, [e2,e3] = e;. Hence ny = $18x N 5=+ 2x28x A 22— 81, — 23”381; A 83. The Casimir function
Tr(z?) reads as x3/2 + 2zox3. The symplectlc leaves are the 1-sheet hyperboloids, sheets of 2-sheet
hyperboloids, two sheets of the cone (without zero) and the point 0.

Example 3: g :=s0(2n,R),C,, (9) = Fun(Tr(z?), Tr(z?) ..., Tr(2*""2), Pf(x)).
Example 4: g :=s0(2n + 1,R),C, (g) = Fun(Tr(2?), Tr(z?) ..., Tr(z*")).

Example 5 (the Heisenberg algebra): g := R3 [e1, 5] = e3, here ey, €9, €3 is the standard basis
of R®. We have 1, = 6‘11 N #— 8902 ,Cn, (g") = Fun(xs), so the coadjoint orbits consist of the planes
{z3 = c},c 7é 0 and of the points of the plane {z3 = 0}. The adjoint orbits are generated by the
vector fields ¢}’ 2, where {2} is the basis dual to {z;}, i. e. by #':Z;, 2225 so they are the lines

8:}03 »Y §aB
parallel to the rsz-axis and the points of this axis.

The Arnold—Liouville theorem: Let (M,w) be symplectic, dim M = 2n. Assume a hamiltonian

vector field v(H) admits n functionally independent integrals g, = H, go, .. ., g, in involution. Then
1. if the common level sets M, := {x € M | g; = ¢;;1 = 1,...,n} of these integrals are compact
and connected, they are diffecomorphic to (n-dimensional) tori T" = {(¢1, .. ., ¢,)mod27};

2. the restriction of the initial hamiltonian equation to T" gives an almost periodic motion on T",
i.e. in the "angle coordinates” ¢ the equation has the form

dg _
a v

here @ = (ay,...,a,) is a constant vector depending only on the level;

3. the initial equation can be integrated in ”quadratures”, i.e. the solutions can be obtained by
means of a finite number of algebraic operations and operations of taking integral.

The proof of this theorem essentially breaks into two parts. The first shows that a compact n-
dimensional manifold with n commuting nonvanishing vector fields vy, ..., v, (in our case v; = 1(g;))
is diffeomorphic to T™.

The second builds special coordinates on M, the "action-angle” coordinates. The "angles”
Y1, ..., @y, are defined in the fiest part of the proof for a fixed level set M., but it turns out that they
smoothly depend on c¢. The ”action” coordinates I',...,I" depend only on gi,...,g, and satisfy
w = dI'" Ndyp; (i.e. (p,I) are canonical or Darboux coordinates). The initial equations in these
coordinates are of the form .

aT_, 07
dt 7 dt
OH OH

Due to the fact that (I, p)-coordinates are canonical, we get @ (I) = —<5, 9 g = 0. Thus, knowing

— 2(I).

the ”action-angle” coordinates, we can easily calculate the vector of ” frequences” @ and the solutions:
P =p,+ta.
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Example (harmonic oscillator I): Let M = R* H = (1/2)(p*+¢*),w = dpAdg. Then in the polar
coordinates ¢ = rcos ¢, p = rsinp we have dp A\ dqg = — sin @dr A rsin pdp + cos prdp A cos pdr =
—rdr A dp = d(—r*/2) Ndp. Hence I = —H,a; = 1, the solution is ¢(t) = p(0) + ¢, i.e.

t — (Rcos(¢(0) +t), Rsin(¢(0) 4 t)).

Example (harmonic oscillator II): Let M = R?* H = (1/2)(a*p* + b*¢?),w = dp A dq. The
hamiltonian vector field is n(H) = —a2pg—q + b2qg—p, here n = w™! = =& A 2 The level sets

M. = {(q,p) | H(q,p) = c} are ellipses {(¢,p) | ¢*/(2¢/b*) + ¢*/(2¢/a*) = 1} with the semiaxes
V2¢/b,v/2¢c/a. Note that the standard parametrization of the ellipse, ¢ + (v/2¢/bcos @, v2¢/asin )
is not a trajectory of n(H)

The recipe gives I(c) = % ch pdq = % fﬂc w = —-=, which up to —% is the area of the figure
M. = {(¢,p) | ¢®/(2¢/b*) + ¢*/(2c/a®) < 1} bounded by the ellipse. From this we conclude that
H = —abl and that the solution of the hamiltonian system

¢=—a’p,p=">q
is given by H = ¢,p(t) = ¢(0) — 22 = (0) + tab or, in other words, by
t — ((v/2¢/b) cos(to + tab), (vV2¢/a) sin(ty + tab)).
Example (harmonic oscillator IIT): Let M = R* H = (1/2)(p? + p2 + ¢¢ + ¢3),w = dp A dq.

The hamiltonian vector field is n(H) = —plg—ql — ng—(p + Q1aa_p1 + qgaa—m. Obviously n(H)f = 0 for
f := q1q2 + p1p2 so this is a Liouville-Arnold integrable system.

Lecture 111

References: [Mag78, GZ89, Bol91]

A Poisson pencil on M: Let a pair (1, 72) of linearly independent bivectors on a manifold M be
given. Assume 7' := t17; + tano is a Poisson structure for any ¢ = (t1,t3) € R2. We say that the
Poisson structures 7y, 1, are compatible (or form a bihamiltonian structure or a Poisson pair) and
that the whole family © := {n'};cg2 is a Poisson pencil.

Exercise: Show that the following conditions are equivalent:

1. n' is Poisson, i.e. [n',n']s = 0, for any ¢ € R? (here [,]s is the Schouten bracket);

2. [nt,n']s = 0 for any three pairwise nonproportional values of t € R?;

3. m,mls =0, [, m2]s = 0,[n2,m2]s = 0.

Example 1: Let 1,1, be bivectors on R™ with constant coefficients. Then they form a Poisson pair
(recall that, given a bivector n =17 J(:E)g—m A 8%_, we have [n,n]g" =, iz 1" () 3817» k().

11



Example 2: Let g be a Lie algebra and 7y the Lie-Poisson structure on g*. Let c: g x g — R be
a 2-cocycle on g, i.e. c is skew-symmetric and >~ .. c([v,w],u) = 0 for any v,w,u € g. Then
c€(gNg)* = g"Ag" can be regarded as a bivector on g* with constant coefficients. It turns out
that (n1,12), where 1y 1= ng, 12 := ¢, is a Poisson pair.

Indeed, it is easy to see that the bracket [(v,a), (w,B)]" := ([v,w], ¢(v,w)) defines a Lie algebra
structure on g := g X R (Ezercise: check this). The R-component lies in the centre of g’, we say
that g’ is a central extension of g. The affine subspaces g; = g* x 79 C (g')* = g* X R are Poisson
submanifolds of the Poisson manifold ((g')*,7y). The restriction 7y g ~coincides with 71 + zons, i.e.
the last bivector is Poisson at least for three different values of xy. We conclude that (n,72) is a
Poisson pair.

In coordinates this looks as follows. Let ey, ..., e, be a basis of g and [e;, ¢;] = cfjek, cle;,ej) =
¢ijy 1,7,k = 1,...,n, for some constants cfj,cij € R. Put nj := (0,1),n, := (;,0) e g',i =1,...,n,
and let z(, ..., ], denote the same elements regarded as coordinates on (g')*. Then ny = (cfz}, +
s

to ey, ..., en.

and ! = (tlcﬁ‘jxk +t9¢45) 9_A2_ Here x4, ...,x, are coordinates on g* corresponding

Io YO 9
xOClJ) 61‘2 A ox; 8:Cj :

Example 3: In a particular case when the cocycle ¢ is trivial, i.e. ¢(v,w) = a([v,w]) for some a € g*
we get a Poisson pencil {n‘},n' := (tlcfjxk + tgcfjak)g—xi A =, here aq,...,a, are coordinates of a
1

o
9,
in the dual basis e',...,e" of g*. In the corresponding Poisson pair (71,72) the first bivector is the
Lie-Poisson one, 7y, and the second one is n4(a), the Lie-Poisson bivector ”frozen” at a.

Example 4: Let g : gl(n,R) and A € g. Put [x,y]s := 2Ay — yAz. It is easy to see that [,]4 is
a Lie bracket on g for any A (FEzercise: check this). In particular, for a fixed A € g the bracket
L] = t1[,] + t2[,]a = [, Jty14.4 is a Lie bracket for any ¢ € R? (any family of Lie brackets linearly
spanned by two fixed brackets will be called a Lie pencil). Denote g' := (g, [,]"). The Lie-Poisson
structures 7y form a Poisson pencil on g*.

We get a generalization of this example taking g := so(n,R) and A a symmetric n X n-matrix.

I mechanism of constructing functions in involution (the Magri—Lenard scheme): Let
(n1,m2) be a pair of Poisson structures (not necessarily compatible). Assume we can found a sequence
of functions Hy, Hy, ... € E(M) satisfying

m(Ho) = na(Hy)
771(H1) = 772<H2)

PROPOSITION. For any indices i, j the following equality holds:
{Hi, Hj}y, = {His1, Hj—1}n,-

Proof mi(Hi)Hj = no(Hiy1)Hy = —mo(Hj)Hipr = —mi(H;1)Hipy = m(Hip1)Hj o O

Now assume i < j. If j —i = 2k, we can apply the proposition k times and get {H;, H;},, =
{Hivk, Hjr}ny = {Hizn, Hiypby, = 0. 1f j —i = 2k + 1, we get {H;, H;},, = {Hipp, Hj 1}y =
{Hivk, Hivi1}n = m(Hizr)Hizrrr = n2(Hiykr1)Hiyk1 = 0. Hence the sequence Hy, Hy,... is a
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family of first integrals in involution for any of vector fields v; := n;(H;),7 = 0, 1,... Note that all
these vector fields are ”bihamiltonian”, i.e. hamiltonian with respect to both the Poisson structures

i, M2-

In general it is hard to find the sequences of functions Hy, Hy,... with the required proper-
ties. However, if we assume additionally that (n;,72) is a Poisson pair, there are some cases, when
such sequences naturally appear. For instance, assume that all the bivectors n! := tn; + ton of
the corresponding Poisson pencil are degenerate. Let n* := Any + 1o, A := t1/ts, and let f* be a
Casimir function of 7*. It turns out that f* depends smoothly, let f* = fo + Afi + \2fo + ---
be the corresponding Tailor expansion. Then we deduce from the equality n*(f*) = 0 that 0 =
na(fo),m(fo) + m2(f1); m(f1) + n2(f2), ... (coefficients of different powers of \). Thus we can put
Hy := fo,H = —f1,Hs := f5,... Note that such a Magri-Lenard chain starts from a Casimir
function of n,. If ¢* = go + Agy + - - - is another Casimir function of 1*, we get another sequence of
functions in involution. A question arises, is it true that {f;, g;},, = 0?7 Another important question
concerns the completeness of the obtained family of functions.

IT mechanism of constructing functions in involution (based on the Casimir functions of
a Poisson pencil): Let {n'};cr2 be a Poisson pencil on M. Denote by C*(M) the space of Casimir
functions of n'.

PROPOSITION. Let t',t" € R? be linearly independent and let f € C*'(M),g € C*'(M). Then

{fhg}?]t = 0

for any t € R?.

Proof Indeed for any ¢ € R? there exist ¢/, ¢ € R such that t = ¢'t' 4+ ¢"t". Then {f, g}, = n'(f)g =
(0" + ") (fg =" (flg = —"n"(9)f = 0. O

It is not clear from this fact whether {f, g}, = 0if f, g are Casimir functions of the same bivector
n". We will discuss this question in the next lecture.

The Jordan—Kronecker decomposition of a pair of bivectors: A bivector b on a vector space
V' is an element of /\2 V. We will view a bivector b sometimes as a skew-symmetric map V* — V
(then its value at = € V* will be denoted by b(x)) and sometimes as a skew-symmetric bilinear form
on V* (then its value at x,y € V* will be denoted by b(z,y)). In particular, b(z,y) = (b(x),y).

THEOREM. (Gelfand-Zakharevich, 1989) Given a finite-dimensional vector space V' over C and a
pair of bivectors (bW, 6@ b0 1 N> V* — C, there exists a direct decomposition V* = &F _ V* such
that b (V¥ V) =0 for i = 1,2,1 # m, and the triples (V% b%),bg)), where bl = by, are from
the following list:

1. [the Jordan block js;,,(A)]: dimV): = 2j,, and in an appropriate basis of V, the matrices of

b%), b2 are equal to

A A
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where I, is the unity jm, X jm-matriz and

A1 0 - 0

0 1 - 0
ij()\) =

0 0 O 1

0 00 A

15 the Jordan j, X jm-block with the eigenvalue \;

2. [the Jordan block ja;,, (0c0)]: dim V! = 2j,, and in an appropriate basis of V) the matrices of

[ A } | [ T } |

3. [the Kronecker block ko, +1]: dim V¥ = 2k,,, +1 and in an appropriate basis of V. the matrices

bé?, b2 are equal to

of bq(q}b), b2 are equal to

where
1 00 .00 010 00
010 .00 0 01 00
By, = s Bag,, =
0 00 1 0 0 00 0 1

(km X (kp + 1)-matrices).

Kronecker Poisson pencils: Let {n'};cr2, 0’ := t171 +tan2, be a Poisson pencil on M. We say that
it is Kronecker at a point x € M, if the Jordan—Kronecker decomposition of the pair of bivectors
e, M2|e (regarded as elements of \*TCM, here TCM is the complexified tangent space) does not
contain Jordan blocks.

PROPOSITION. {n'},cr2 is Kronecker at x if and only if

rank (t1771|x + t27’]2|x) = const, (tl, tg) c (C2 \ {0}

Proof 1t is easy to see that any nontrivial linear combination of matrices K x,,, K2, has constant
rank equal to 2k,,. So the rank can ”jump” at some ¢ # 0 if and only if there are Jordan blocks in
the decomposition. [

We say that a Poisson pencil © on M is Kronecker if there exists an open dense set U C M such
that © is Kronecker at any x € U.

Involutivity of Casimir functions for Kronecker Poisson pencils: We have already proven
that, if #/,#” € R? are linearly independent, then {f, g}« = 0 for any f € C* (M), g € C*"'(M),t € R,
In the same way one can prove that n|,(a, 3) = 0 for any « € kern''|,, 3 € kern*’|,, t € R2.
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PROPOSITION.  Let {n'}ierz be Kronecker and let ¢ € R*:t" # 0. Then {f, g}y = 0 for any
f.geC’(M),t e R%

Proof Fix x € U. Let t(,) € R? be such that ¢, is linearly independent with ¢ and ¢, =t
The kernel of the map 7’|, : TXM — T, M continuously depend on ¢t € R? \ {0} and is of constant
dimension. Consequently we can find a sequence of covectors a,, € kern'™ |, such that «, X d, g.
We get n'|.(d.f,a,) = 0 and by continuity we conclude that n'|.(d.f,d.g) = 0. In other words,
{f,g}y(x) = 0 for any x € U. Since U is dense, using again the continuity argument we get the
proof. [J

Summarizing, we get the following result.

PROPOSITION. Let © = {n'},cr2 be a Kronecker Poisson pencil and let

CO(M) :=sSpan{ [ ] C'(M)}.

t€R2\ {0}

Then C®(M) is a family of functions in involution with respect to any Poisson bivector n'.

Remark: It can be shown that in the Kronecker case the family of functions in involution obtained
by the Magri-Lenard scheme starting from Casimir functions coincide with the family C®(M).

Completeness of Casimir functions for Kronecker Poisson pencils: Let (M, n) be a Poisson
structure. We say that an open set W C M is correct for n if the set W’ := W \ (W N Singn)
is nonempty and the common level sets of the functions from C7(W’) coincide with the symplectic
foliation of 1 on the set W’. In other words, the set W is correct if the Poisson structure does
not have regular symplectic leaves dense in W. Equivalent definition: W is correct if {d,f | f €
C"(W)} = kern, for any = € W’. Note that in analytic category any sufficiently small open set is
correct.

PROPOSITION. Let © = {n'}icr2 be a Kronecker Poisson pencil. Assume W C M is an open set
that is correct for n* for a countable set {tx),tw),...} of pairwise linearly independent values of the
parameter t and the set W' := W\J;2, Sing n'® is nonempty. Then the set of functions in involution
CO(W') is complete with respect to any n',t # 0.

Proof Fix x € UNW'. Let us first prove that the set C, := {d,.f | f € CO(W')} C T M coincides
with the set L, := Span{{J,cgz\ (o) kern;}. Indeed, the vector space L, is finite-dimensional, hence
is generated by a finite number of kernels kern, = {d.f | f € C/(W)}. Hence L, C C,. The same
considerations show that C, C L,.

It is easy to see that the set L, is of dimension (1/2)rankn + dim M — ranknt. Assume for a
moment that the Jordan—Kronecker decomposition of the pair 7|., 72|, consists of one Kronecker
block Koy, +1. The kernel of the matrix AK ,, + Ko, is 1-dimensional and is spanned by the vector
[0,...,0,1, =\, ..., (=\)k=]. Taking k,, + 1 different values of A\ we get k,, + 1 = (1/2)rankn’ +
dim M — rankn’ linearly independent vectors (recall the Vandermonde determinant) spanning the
set L,. In the case of several Kronecker blocks you repeat these considerations for each block. [
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Remark: In fact it is sufficient to require that W is correct for a finite number of n‘. However, this
number depends on the number and dimension of the Kronecker blocks, so we make a bit stronger
assumption (which in practice is always satisfied).

Example (method of the argument translation): Let M := g*, 1 = ng,1m2 = ng(a),S =
Sing ng, where a € g*\ S. Assume that codim .S > 2 (if g is semisimple it is known that codim S > 3).
Note that S is an algebraic set, i.e. it is defined by a finite number of algebraic equations f;(z) =
0,..., fm(x) =0 on g*. Any algebraic set in a neighbourhood of its generic point is diffeomorphic to
a manifold, hence its dimension is correctly defined.

If e1,...,e, is a basis of g and the corresponding structure constants are defined by [e;, e;] =
cfjek, the polynomials fi,..., f,, are the r x r-minors of the matrix ¢;;(z) = cfjxk, where r =
max, rank [¢;;(z)]. Here 1 = e,...,z, = e, are the corresponding coordinates on g*.

In order to check the condition of Kroneckerity we need to consider the complexification g¢ of the
initial Lie algebra. It can be regarded as a vector space Spanc{ey, ..., e,} = C" with the Lie bracket
defined by the same structure constants. The set S¢ := {(z1,...,2,) € g& = C" | rankc};z <
max,ccn rank ijzk} is a complex algebraic set defined by the equations fi(z) = 0,..., f(2) =
0, where fi,..., f,, are the same polynomials as above. In particular, the set S¢ is of complex
codimension at least 2.

We know that 11|, + tene|. = cfj (t1xg + toag), t1,to € C. Thus rank (t1m ], + tane|.) is maximal
(over t) and independent of ¢ € C*\ {0} if and only if ¢z + tea € g& \ S if and only if z & a, Sc,
where a, S¢c :={z € gi | I(t1,t2) € C*\ {0}: 12 + taa € Sc}.

Note that the set Sc is homogeneous (stable under rescaling). Passing to the projectivization
the set a, Sc becomes a cone in CP"~! over the projectivization of S. This shows that the set a, Sc
is also algebraic (by the standard arguments from algebraic geometry) and, moreover, dime a, S¢ =
dime Sc + 1. In particular codime @, S¢ > 1 and we can put U := g*\ (g"Na, Sc) = ¢*\ (a, S). Here
a,S = {x €g"|3(t1,tz) € R\ {0}:t1z +t2a € S} and codimg a, S > 1. The set U is an open dense
set in g* such that {n'} is Kronecker at any = € U.

Finally assume that g is semisimple. Then 74 has enough global Casimir functions and the whole
space g* is a correct set for ng. In particular, the assumptions of the proposition above are satisfied
and we get a complete set C®(g*) of functions in involution (with respect to any n'). This set is
generated by the "translations” f(z + Aa), A € R, of the Casimir functions f of 7,.

ITI mechanism of constructing functions in involution (based on eigenvalue functions of
a Poisson pencil):

THEOREM. Let {n'} be a Poisson pencil on M, w(x), we(z) two eigenvalues of Jordan blocks. Then

{wl,U)Q}nt =0 VvVt € R2.

LEMMA. 1 If w(z) is an egenvalue of a Jordan block (in other words, rank (n;(z) — w(x)ne(x)) <
MaXy£y(z) Tank (m1(x) — vne(x)) ), then dyw € ker(n — vone)(x) for any x € My, = {z | w(z) = vo}.

1,—vo

In particular, {w, f}{ )|MU0 =0 for any function f.

Proof Consider a Poisson structure 1, — vgn, and a point = € M,,. A symplectic leaf S,dim S <
dim M passes through x. The function w is constant on S. Indeed, if y € S is close to x, then
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rank (71 (y) — von2(y)) < maxy,, rank (n1(y) — vn2(y)), i.e. vo must be an eigenvalue of "the same”
jordan block at a point y, hence w(y) = vy.

Proof of the theorem Let wi(x), ws(x) be functionally independent. Then there exists a local
coordinate system on M of the form wq, we, x3, ..., Ty,.

let v # vo. Then there exist a(vy, v), B(vi,v2) € R such that 7 := Ay + Xome = a(v1, v2) (1 —
v112) + B(v1, v2) (1 — vam2). Thus

{wlaw2}/\|(v1,v2,x3 ..... Tm) — (A1 + )‘2772)<dw1)w2)’(v1,v2,x3 ,,,,, Tim)

a(vy, ve){w, w2}(1’_v1)|(u1,v2,:c3,...7:cm) + B(v1, v2){wn, w2}(1’_02)|(1}1,vg,x3 ..... Tm)

By continuity we also have 0 for v; = vs.
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