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Differentiating a Composite Function Second-Order Partial Derivatives

The Chain Rule for z = f (x , y), x = x(t), y = y(t)

Consider the local linearization

∆z ≈ ∂z
∂x

∆x +
∂z
∂y

∆y . (1)

Substitute the local linearizations

∆x ≈ dx
dt

∆t and ∆y ≈ dy
dt

∆t

to (1). Get

∆z ≈ ∂z
∂x

dx
dt

∆t +
∂z
∂y

dy
dt

∆t =

(
∂z
∂x

dx
dt

+
∂z
∂y

dy
dt

)
∆t and then

∆z
∆t
≈ ∂z
∂x

dx
dt

+
∂z
∂y

dy
dt
. (2)
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Differentiating a Composite Function Second-Order Partial Derivatives

The Chain Rule for z = f (x , y), x = x(t), y = y(t)

Taking in (2) the limit as ∆t −→ 0, we get the following result:

Fact
If f (x , y), x(t) and y(t) are differentiable and if z = f (x , y),
x = x(t) and y = y(t), then

dz
dt

=
∂z
∂x

dx
dt

+
∂z
∂y

dy
dt
. (3)



Differentiating a Composite Function Second-Order Partial Derivatives

The Chain Rule for z = f (x , y), x = x(u, v),
y = y(u, v)

Analogically to the formula (4) we get the following:

Fact
If f (x , y), x(u, v) and y(u, v) are differentiable and if
z = f (x , y), x = x(u, v) and y = y(u, v), then

∂z
∂u = ∂z

∂x
∂x
∂u + ∂z

∂y
∂y
∂u ,

∂z
∂v = ∂z

∂x
∂x
∂v + ∂z

∂y
∂y
∂v .

(4)

One can easily extend the above formula to arbitrary number of
variables of any of appearing functions.
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Differentiating a Composite Function Second-Order Partial Derivatives

Exercise 5.1

Suppose that z = f (x , y) = x sin y , where x = t2 and
y = 2t + 1. Let z = g(t). Compute g′(t) directly and using the
chain rule.

Solution 1:

z = g(t) = f (t2,2t + 1) = t2 sin(2t + 1)

g′(t) = 2t sin(2t + 1) + t2 · 2 · cos(2t + 1) =

= 2t(sin(2t + 1) + t cos(2t + 1)).

Solution 2:

dz
dt = ∂z

∂x ·
dx
dt + ∂z

∂y ·
dy
dt = (sin y)(2t) + (x cos y)(2) =

= 2t(sin(2t + 1) + t cos(2t + 1)).
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Differentiating a Composite Function Second-Order Partial Derivatives

Exercise 5.2

Find ∂z/∂u and ∂z/∂v if

z = (x + y)ey , x = u2 + v2, y = u2 − v2.

Solution:

∂z
∂u = 4u(1 + u2)eu2−v2

,

∂z
∂v = −4u2veu2−v2

.
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Differentiating a Composite Function Second-Order Partial Derivatives

Exercise 5.3

Let (x , y) be Cartesian coordinates and (r , ϕ) be polar
coordinates: x = r cosϕ, y = r sinϕ.

For any function z of two variables express
(
∂z
∂x

)2
+
(
∂z
∂y

)2
in

terms of polar coordinates.

Solution: (
∂z
∂x

)2

+

(
∂z
∂y

)2

=

(
∂z
∂r

)2

+
1
r2

(
∂z
∂ϕ

)2

.
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Differentiating a Composite Function Second-Order Partial Derivatives

The Second-Order Partial Derivatives of z = f (x , y)

Definition

∂2z
∂x2 := ∂

∂x

(
∂z
∂x

)
= fxx =: (fx )x ,

∂2z
∂x∂y := ∂

∂x

(
∂z
∂y

)
= fyx =: (fy )x ,

∂2z
∂y∂x := ∂

∂y

(
∂z
∂x

)
= fyx =: (fy )x ,

∂2z
∂2y := ∂

∂y

(
∂z
∂y

)
= fyy =: (fy )y .
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Differentiating a Composite Function Second-Order Partial Derivatives

Interpretation of the Second-Order Derivatives

The string is 1 meter long and at time t seconds, the point x
meters from one end is displaced

f (x , t) = a sin(πx) sin(ϕt)

meters from its rest position, where a > 0 is amplitude, and
ϕ > 0 is frequency.

We have

fxx = −aπ2 sin(πx) sin(ϕt), fxx (0.3,1) ≈ −0.01 < 0

fxt = ftx = aϕπ cos(πx) cos(ϕt), ftx (0.3,1) = fxt (0.3,1) ≈ 14 > 0,

ftt = aϕ2 sin(πx) sin(ϕt), ftt (0.3,1) = −7200 < 0.
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Differentiating a Composite Function Second-Order Partial Derivatives

Exercise 5.4

Compute the four second-order partial derivatives of
f (x , y) = xy2 + 3x2ey .

Solution:

fx (x , y) = y2 + 6xey

fxx (x , y) = ∂
∂x

(
y2 + 6xey) = 6ey

fxy (x , y) = ∂
∂y

(
y2 + 6xey) = 2y + 6xey

fy (x , y) = 2xy + 3x2ey

fyx (x , y) = ∂
∂x

(
2xy + 3x2ey) = 2y + 6xey

fyy (x , y) = ∂
∂y

(
2xy + 3x2ey) = 2x + 3x2ey

Observe that

fxy (x , y) = 2y + 6xey = fyx (x , y).
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fxy (x , y) = ∂
∂y

(
y2 + 6xey) = 2y + 6xey

fy (x , y) = 2xy + 3x2ey

fyx (x , y) = ∂
∂x

(
2xy + 3x2ey) = 2y + 6xey

fyy (x , y) = ∂
∂y

(
2xy + 3x2ey) = 2x + 3x2ey

Observe that

fxy (x , y) = 2y + 6xey = fyx (x , y).
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Exercise 5.5
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Solution:
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fyy (x , y) = ∂
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(
3xy2 cos(x2 + y3)

)
=

6xy cos(x2 + y3)− 9xy4 sin(x2 + y3)

Observe that again fxy = fyx .
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Differentiating a Composite Function Second-Order Partial Derivatives

Equality of Mixed Partial Derivatives

Fact
If one of second-order partial derivatives fxy or fyx exists at point
(a,b) and is continuous at that point, then the second one also
exists and is continuous at (a,b) and

fxy (a,b) = fyx (a,b).



Differentiating a Composite Function Second-Order Partial Derivatives

Taylor Polynomials

Fact (Taylor Polynomial of Degree 1 near (a,b))

f (x , y) ≈ L(x , y) = f (a,b) + fx (a,b)(x − a) + fy (a,b)(y − b).

fx (a,b)(x − a) + fy (a,b)(y − b) = df at (a,b)

Fact (Taylor Polynomial of Degree 2 near (a,b))

f (x , y) ≈ Q(x , y) = f (a,b) + fx (a,b)(x − a) + fy (a,b)(y − b)+

+ fxx (a,b)
2 (x − a)2 + fxy (a,b)(x − a)(y − b) +

fyy (a,b)
2 (y − b)2.

fxx (a,b)
2 (x − a)2 + fxy (a,b)(x − a)(y − b) +

fyy (a,b)
2 (y − b)2 = 1

2d2f
at (a,b)
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Differentiating a Composite Function Second-Order Partial Derivatives

Taylor Polynomials

Fact (Taylor Polynomial of Degree n near (a,b))

f (x , y) ≈ Tn(x , y) = f (a,b)+df (a,b)+
d2f (a,b)

2
+· · ·+ dnf (a,b)

n!
.

Moreover we can evaluate the error
Rn(x , y) = f (x , y)− Tn(x , y):

Fact
Lagrange form of the error

Rn(x , y) =
dn+1f (a + θ∆x ,b + θ∆y)

(n + 1)!

for some θ ∈ (0,1).
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Exercise 5.6

Find the quadratic Taylor polynomials about (0,0) for the
following functions

1. (x − y + 1)2;

3. e−2x2−y2
;

5. ex cos y ;
7. ln(1 + x2 − y);

2. (y − 1)(x + 1)2;
4. 1/(1 + 2x − y);
6. cos(x + 3y);
7. sin(2x) + cos y .



Differentiating a Composite Function Second-Order Partial Derivatives

Differentiability

Definition
A function f is differentiable at the point (a,b) if there exists a
linear map A : R2 → R such that

lim
(h,k)→(0,0)

f (a + h,b + k)− f (a,b)− A(h, k)√
h2 + k2

= 0.

Fact
If a function is differentiable at a point, then is continuous at this
point.



Differentiating a Composite Function Second-Order Partial Derivatives

Differentiability

Fact
If a function is differentiable at a point, then both partial
derivatives exist there.

Ex 1. Consider the function f (x , y) =
√

x2 + y2. Prove that f is
not differentiable at the origin.



Differentiating a Composite Function Second-Order Partial Derivatives

Differentiability

Fact
If a function is differentiable at a point, then both partial
derivatives exist there.

Ex 1. Consider the function f (x , y) =
√

x2 + y2. Prove that f is
not differentiable at the origin.



Differentiating a Composite Function Second-Order Partial Derivatives

Differentiability

Fact
Having both partial derivatives at a point does not guarantee
that a function is differentiable there.

Ex 2. Consider the function f (x , y) = x
1
3 y

1
3 . Show that the partial

derivatives fx (0,0) and fy (0,0) exist, but that f is not
differentiable at (0,0).
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Differentiating a Composite Function Second-Order Partial Derivatives

Differentiability

Fact
A function f is differentiable at (a,b) if there exist both partial
derivatives fx (a,b) and fy (a,b) and are continuous on a small
disc centered at the point (a,b). Moreover, if ~u = [u1,u2], then

A~u = [fx (a,b), fy (a,b)]

[
u1
u2

]
.

The class of functions with continuous partial derivatives is
given the name C1.

Ex 3. Show that the the function f (x , y) = ln(x2 + y2) is
differentiable everywhere in its domain.
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Differentiability in General

Let now f : D −→ Rm, D ⊂ Rn, f = (f1, f2, . . . , fm), fk : D −→ R,
k = 1, . . . ,m.

Definition

A function f is differentiable at the point ~a ∈ D if there exists a
linear map A : Rn → Rm such that

lim
~u→0

||f (~a + ~u)− f (a,b)− A~u||
|~u|

= 0.
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Differentiability and Partial Derivatives

Fact

A function f is differentiable at ~a if, and only if there exist all
partial derivatives ∂fk

∂xl
(~a), k = 1, . . . ,m, l = 1, . . . ,n, and all are

continuous around ~a. Moreover the linear map A is represented
by the matrix 

∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn

. . .

∂fm
∂x1

∂fm
∂x2

. . . ∂fm
∂xn


.
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Exercise 5.7
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Exercise 5.8
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