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DISCRETE-TIME RANDOM WALKS
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Define polynomials {Qx(x)} 22, by the recurrence relations
XQu(X) = Qe Qu—1(X) + rkQue(x) + P Qu1(x),  k>1,
Qo(x) =1,  poQi(x)=x—ro.

The polynomials are orthogonal with respect to a positive measure v in the interval [—1, 1] of total
mass 1 and infinite support

[Karlin & McGregor, 1959]
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THE CAUCHY-STIELTJES TRANSFORM

The Cauchy—Stieltjes transform of the measure

3(2):/1 W) e\,

1 X—-Z

has the following expansion into continued fractions

-1
S(z) = , lim S(z) =0.
Podi Z—0
Z—nhh+ —

T

If the measure is decomposed into absolutely continuous and discrete parts
dv(x) = u(x)dx + dvs(x),

@ The weight is given by u(x) = lim__,o+ %ImS(x + ig).

@ The singular part vs is concentrated on the set {xp: limx— x, InS(x) = oco}.
© The mass of any point is given by v({xo}) = lim._,o+ eImS(xg + ic).
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THE SPECTRAL MEASURE

Define constants 7, k > 0, by

_ PoP1 - Pk—1
C G1G2- Gk
The n-step transition probabilities P;(n) from state i to state j may be represented as

=1, Tk k>1

)

1
Pj(n) = W,/ X"Qx)Q(x) dv ()
The spectral measure originates from the Jacobi symmetric matrix

o VPoqt 0 0
VG n Jm@&E 0

T= 0 VPG VP20
0 0" ym®

which represents the same linear operator but in new basis obtained by suitable scaling of vectors
of the starting one.
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SZEGEDY’S QUANTIZATION OF MARKOV CHAINS [Szegedy, 2004]

Given a discrete-time classical random walk on a finite set of states V, where |V| = N, can be
represented by an N x N stochastic matrix P, whose entry Py represents the probability of

making a transition from j to k, in particular Zk 1 Pk =1.
Definition of Szegedy’s quantum walk starts with tensor doubling CN @ CN of the state space —

the state |j) ® |k) = |/, k) will be interpreted as PARTICLE IN POSITION j LOOKS AT THE POSITION K.
The stochastic matrix P allows to define normalized orthogonal vectors

N
lop) = 1) ®Z Pi [K) = > \/ Pi i, k)-

k=1
n= Z/’L [¢;)(¢j|  the orthogonal projection on the subspace of the vectors |¢;)
R =2N—T reflection in the subspace spanned by the vectors |#;) (the coin flip operator)
S= Z/ x—1 |/, K)(k,j|  the operator that swaps the position and coin registers

The single step of the quantum walk is defined as the unitary operator U = SR being the
composition of coin flip and the position swap

PROPOSITION

The probability of finding the particle in position k after one step of the quantum walk when
starting from the state |¢;) is equal to the classical transition probability Pj.

N
(k. £|Ugy) = (k,€|S¢;) Z Pi(k, €li,j) = \/Pidje, > |(k, (|Ugy)|? = P,
=1
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SPECTRUM OF SZEGEDY’S QUANTUM WALK OPERATOR

AT
b

{0

PROPOSITION [Szegedy, 2004 ], [Childs, 2010]
When {|\)} denotes the complete set of eigenvectors of the N x N symmetric matrix

D= Z PicPiilf) (Kl

J,k=1
with eigenvalues {\}, then the evolution operator U has the corresponding eigenvectors

N
lps) = TIA) —p£STN),  T= Z |5) il

with eigenvalues

pt = Ak im —_ e:i:iarccos)\7
The remaining eigenvalues of U are +1 with eigenvectors orthogonal to the subspace spanned
by T|A).

v

ADAM DoLIwA (UWM PL) ORTHOGONAL POLYNOMIALS AND QUANTUM WALKS 13-09-2023 9/20




SZEGEDY’S QUANTIZATION OF RANDOM WALKS ON HALF-LINE

The coin space over vertex k > 0 is spanned by vectors
|0,0), |0,1), for k =0, and |k,k — 1), |k, k), |k,k+ 1), for k >0,
and the corresponding distinguished states read
60) = V5 10,0) +vPo [0, 1), and  |¢) = v/G |k, k — 1) + V/Tic [k, K) + /B [k, k +1), k>0

With the lexicographic ordering of the states the quantum evolution operator U = SR has the
structure induced by the decompositions

H:R0€BR1 EBRQEB

where P

_ Ak —1  2¢/Qkfx  2v/PxQk

Fo= (30mm 2%). and A= (2va@n 201 2 | k>0
Pofo 2P 2/PkGk  2v/Prlk 2Pk — 1

S—10Ae10Ac1®. ., A:(? g))

Q Q
@ %
9)
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ORTHOGONAL POLYNOMIALS ON THE UNIT CIRCLE (OPUC)

LetD = {z: |z| < 1} C C be the open unit disk, and let . be a measure on the unit circle oD
We assume that p is nontrivial (i.e., supported on an infinite set) probability measure (i.e., p is
nonnegative and normalized by p(9D) = 1)

In the Hilbert space H = L?(8D, du) with the inner product antilinear in the left factor, we define
the monic polynomials $n(2), n=10,1,2,... by the Gram-Schmidt orthogonalization procedure
of the standard basis 1, z, Z2, . ... We have then
1
<¢n1 ¢m> = —dnm, Kkn >0,
Kn
and the orthonormal polynomials ¢n = ®n/kn satisfy (©n, om) = dnm.

If Pnis a polynomial of degree n, define P;;, the reversed polynomial, by
n n

Pi(2) = 2"Pa(1/2), ie. Pa(2)=> ¢z = P;(2)=> & ;Z.
j=0 j=0
The orthogonal polynomials ¢, are given by the Szegd recurrence
do(z) =1, bpiq1(2) = z0n(2) — an®;(2), ap=—®,,1(0), n>o0,

where the Verblunsky coefficients ag, aq, ap, . . . satisfy || < 1. By Verblunsky’s theorem the
map p — {a,-}j%’; sets-up a bijection between the set of nontrivial probability measures on D

and x/‘?; D. The Szegb recurrence relations for orthonormal polynomials are
( eni1(2) ) - l( z  —an ) ( ©n(2) ) =A(an)( ©n(2) )
wn.1(2) on \ —anz 1 vn(2) wn(z) )

pn=1/1—=lan?,  wo(2) = ¢5(2) = 1.
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THE CARATHEODORY AND SCHUR FUNCTIONS

The Carathéodory function

e 4 7
F(z) = - du(6
(2= [ 2 duo)
is analytic on D with non-negative real part, and normalized by F(0) = 1. If
do
du(0) = w(0)— + dus(0)
2

is decomposition of the measure into absolutely continuous and singular parts then:
@ The weight is given by w(6) = lim ReF(re'?).

@ The singular part us is concentrated on the set {€/?: lim

r—1-—

ReF(re’?) = oo}.
@ The mass of any point is given by u({0}) = lim,_,;— 5= F(re'®).

The Schur function

r—1-—

_1F(z2)-1
&= 9+

is analytic on D with |f(z)| < 1 for z € D. By Geronimus’ theorem f has the following continued
fraction decomposition

Pz
]
niz

£(2) = ag +
agZ +

a1 + ]

oz + —
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CANTERO-MORAL—-VELAZQUEZ (CMV) MATRICES

MOTIVATION

One of the key tools in the case of orthogonal polynomials on the real line is the realization of the
measure as the spectral measure of the Jacobi matrix, which comes in as a matrix of
multiplication by the real variable x. In the case of OPUC the corresponding matrix realization of
the measure comes in terms of the CMV martices.

Define the CMV basis {xn}32, by orthonormalizing the sequence 1,z,z7",22,z72,.. ., and
define matrix C by

Cmn = (Xm, ZXxn)-
The matrix is unitary and pentadiagonal

a  @po P1P0 0 0 0

po —ag  —prag 0 0 0

0 Qzp1  —Ggaq Ggp2 p3p2 0

C= 0 p2p1 —peey  —agop  —pzap 0 ;

0 0 0 Q4p3  —O04az  Aspg

0 0 0 paps  —paaz  —Os04

and has decomposition C = LM, where
L=000BO0sB..., M=100;6056..., and O = ( Cp‘: _’Jék )
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CMYV MATRICES AND CYCLIC UNITARY MODELS

The monic orthogonal polynomials associated to the measure p. used to define C can be found by
®n(2) = det(zI, — €M),

where C(" is restriction of C to the upper n x n block, and the CMV basis can be expressed in
terms of ¢ and ¢* by

xek(2) =27 Ko3(2),  xeks1(2) = 2 K oaki1(2),
where in order to have formulas consistent it is custom to define a1 = —1.

Recall that a cyclic unitary model is a unitary operator U on a separable Hilbert space H with a
distinguished unit vector vy such that finite linear combinations of {U"vy }nez are dense in H. Two
cyclic unitary models (#, U, vp) and (L, U, %) are called equivalent if there is unitary W from %
onto # such that .

wuw-' =, Wyo = .

When all o € D then the vector ey = (1,0,0,0,...)7 is cyclic for C in #2(N). It turns out that
each cyclic unitary model is equivalent to a unique CMV model (¢2(N), C, ).
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SZEGO PROJECTION AND GERONIMUS RELATIONS

For OPUC with real Verblunsky coefficients, or equivalently the measure p being symmetric with
respect to complex conjugation one can define the measure v on the segment [—1,1] by

1
[ g dv0= [ g(cost) du(o).
—1 oD

The relation between spectral measures

0
du(9) = W(O)g— + dus, and dv(x) = u(x)dx + dus,
iy
has the form ( )
w(arccos X
ux) = ——————, w(6) = m|sin @|u(cos ).
()= == (0) = 7| sin 6]u(cos 0)

The polynomials orthonormal pi(x) with respect to the measure dv(x) are expressed by the
polynomials ¢k (z) orthonormal with respect to the measure du(0) as follows
1 —k K 1 1 1
p(x) = ————— (2 K (2) + k(27 ), x=5 (z+277).
2(1 — apk_1) ( ) 2 ( )
[Szegd, 1939]
The coefficients (rk, sk), k = 0,1,2,..., of the corresponding symmetric Jacobi matrix are given
in terms of the Verblunsky coefficients by

rg = %(azkﬁ — k1) — agk—2(1 + azk—1)>7

1
— 2
Sk = 5\/(1 —agk—1)(1 — a5, ) (1 + agkt1) )
[Geronimus, 1958]
ORTHOGONAL POLYNOMIALS AND QUANTUM WALKS 13-09-2023 16/20




CGMYV METHOD FOR QUANTUM WALKS
[Cantero, Griinbaum, Moral, Veldzquez, 2012]

When r, =0,k =0,1,2,..., then in Szegedy’s quantization the vectors |k, k) are invariant with
respect to the action of U = SR defined above. After removing them, in the restricted space
define U’ = S’'R’ where

r_ / / /(9 — Pk 2v/PkGk ;
H—1€BR1€BR2€B---7 Hk—(zm pk_Qk)’ SS=ApADAD....

Then in the CMV picture S’ can be identified with the matrix £ for vanishing even Verblunsky
coefficients apx = 0, k = 0,1,2,..., while R’ plays the role of M with odd Verblunsky
coefficients of the form

1 1
a2k—1 =Gk =Pk, OF Pr = (1 —azk—1), G = 5(1 +az—1), k=0,1.2,...
and the CMV basis is given by the vectors

e2k:|k7k+1>7 e2k+1:|k+17k>7 k:071727""

The final result is equivalent to the CGMV method for quantum walks. Their work contains also
relation to the OPUC with vanishing (odd) Verblunsky coefficients
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THE DISCRIMINANT MATRIX AND CMV SPACE

Define
[hi) = Slék) = Vak |k = 1,K) + VT |k, k) + Vpic [k +1,k), k>0,
then the elements of the discriminant matrix are given by
Dix = (¢jlUsk) = (¢jlvok),
and the matrix coincides with the Jacobi matrix 7 of Karlin and McGregor

LEMMA
Fork e N
Uk|¢0> € Span{|¢0>7 W”O)a °oo0y |¢k—1>7 ‘d)k—‘l)}’
U*|g0) € span{|do). [Y0), -, |#k—1), [Y—1), |éx)} )
PROPOSITION

The CMV basis of the quantum evolution operator for Szegedy’s quantization of the random walk
on the half-line with the cyclic vector ey = |¢g) has the Verblunsky coefficients related with the
random walk transition probabilities by the formulas

]
qk = 5(1 + aok—2)(1 + a2k—1),

1
k=3 (o (1 — agk—1) — aok—2(1 + agk—1)), k>0,

]
Pk = 5(1 — agk—1)(1 — k)
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CMYV BASIS

COROLLARY 1

The measures and orthogonal polynomials of the discrete-time random walk and of its
quantization are related by the Szegé projection

COROLLARY 2

The orthonormal CMV basis (&;);cn, and the Verblunsky coefficients «; of the quantum walks are
defined by the recursive application of the operators S and R on the initial vector ey = |¢g):

S(e2k) = aok€2k + P2k €2k+15 k >0,

R(e2k+1) = Qok41€2k41 + P2k+1€2k+25

where the sign of p; = | /1 — aj? > 0 fixes the orientation of ;4

COROLLARY 3

The vectors (|#k), |¥k))ken, Of the natural quantum walk basis are expressed in terms of the

CMV basis as follows
1+ a1 1 — g1
=Lk gy 4y 2k g
| k) 5 ok—1 + 5 2k s
14+ aok_ 1 — apk_
[Yi) = 4/ % (p2k—2€2k—2 — Cr2k—262k—1) + 1/ % (cok €2k + P2k€2k41)

v

ADAM DoLIwWA (UWM PL) ORTHOGONAL POLYNOMIALS AND QUANTUM WALKS 13-09-2023 19/20



CONCLUSION

@ We define quantization scheme for discrete-time random walks on the half-line consistent
with Szegedy’s quantization of finite Markov chains

@ Motivated by the Karlin and McGregor description of discrete-time random walks in terms of
polynomials orthogonal with respect to a measure with support in the segment [—1, 1], we
represent the unitary evolution operator of the quantum walk in terms of orthogonal
polynomials on the unit circle

@ We find the relation between transition probabilities of the random walk with the Verblunsky
coefficients of the corresponding polynomials of the quantum walk

@ We show that the both polynomial systems and their measures are connected by the
classical Szegb projection map

@ Our scheme can be applied to arbitrary Karlin and McGregor random walks and generalizes
the so called Cantero—Griinbaum—Moral-Velazquez method

RESEARCH IN PROGRESS

@ Connection of quantum walks to integrable equations of the Ablowitz—Ladik hierarchy

@ Quantum walks on discrete curves with evolution induced by the shape of the given curve via
the discrete Hasimoto transformation

@ Quantum walks without classical interpretation

THANK YOU FOR YOUR ATTENTION
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