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ROC-tree algebra of Foissy and Dyck languages

Dyck coding of ROC-trees

Rooted (distinguished vertex) Ordered (set of children of any vertex
ordered) Colored (n-colors of edges) tree can be coded by a Dyck
word on n pairs of letters {ay, by, ..., an, bn}

<
|
<

ROC-tree coded by the DYCk word w = ayaxbobiajasboaibiby € Do
and its L. Foissy [2002] version in terms of rooted ordered (vertex-)
colored forest

The number of ROC-trees with k edges equals
K
kA~ N 2k
mCk = ( k )
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The Foissy-type Hopf algebra structure of Dyck words

(kDp, e, n) — algebra with concatenation product and () as unit

aoa b1 a b1 b2 ] 32b231 b1 = a»aj b1 a4 b1 b232b231 b1

Admissible subtrees and subwords

prumng v

araibiaibibrazboai by — aibjasbz ® araibiboay by

admissible subtree
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ROC-tree algebra of Foissy and Dyck languages

The Foissy-type Hopf algebra structure of Dyck words

AW = 3 (w\ we)® ws

ws€A(w)

A(acaibiboaiby) =1 ® asaibiboaiby + aiby ® asboarby + azaib1b, @ ajbi+
+aiby @ axaib1bs + ayjbiaiby @ asbs + aaibiboaiby @ 1

Proposition
(kDp, e, A, n, €) —is graded, locally finite, connected bialgebra J

E(W):{1k it w=0

0 otherwise
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- 0000 Herasesemas |
Algebra diagrams

Associativity of multiplication

HoHOH 92, HeoH

wsid B

HeoH —— H
Unity (k-linear) map in k-algebra H

n:k—H, (k) = 1n

Hok H ko A
id®n l idl ln@id
HOH —— H «—— HOH
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Coalgebra diagrams

Coassociativity of comultiplication

H 2. HeH

Al |

HoH 222, HoHoH

Counit (k-linear)y map e: H — k

A A

HoH H HoH
id®el idl l e®id
Hok H k®H

Two (H,e,n) —algebra, and (H, A, ) — coalgebra structures on H give
bialgebra structure on H when A and e are unital algebra morphisms
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Hopf algebra diagrams

Hopf algebra
is a bialgebra (H, e, A, 7, €) with a linear map T: H — H satisfying

o(T®id)oA=e(id® T)oA=noe

In all cases considered here all bialgebras are graded H = P~ H)
HO@RM 2 pm - () 2 (B 1enW, (1M)y=0, n>0
i+j=n

locally finite and connected
dmH" < 0,  dimH©® =1
thus (by Takeuchi theorem) they are Hopf algebras

Applications of Hopf algebras

topology of manifolds (H. Hopf), combinatorics (G.-C. Rota), quantum
groups and noncommutative geometry, renormalization in quantum
field theory, ...
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The dual coproduct § to the concatenation product e

The prime Dyck words are of the form ajwb;, w € Dy, i=1,....n
For Dyck words w = uq e o e - - - @ U decomposed into prime factors
define

k
+
i=0

°
II 1 1| ° 1
R v =I® +I®:|+ ®1
2 1 2 1 2 ® 2 1

5(3281 by boaq by ) = 1®araibybsaibi+asaibibo®a; by +asa; by ba; by ®1
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The second Hopf algebra structure on Dyck words

Proposition

The second coproduct of the characteristic series S of the n-th Dyck
language D, decomposes as follows

5(S) = (fj a,-Sb,-) ®S
i=1

Proof: Equations
S=1+aSb)yS+---+aSb,S

d(ajubiv) =1 ® ajubjv + (ajub; @ 1) e §(v)
give

(S) =12 S+ (Zn:a;Sb/®1> ¢ (S)

i=1
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Graded dual bialgebra to (kDj, e, A, 7, €)

Define the asymmetric shuffle product L : kD, ® kD, — kD, on two
Dyck words w and v as shuffling of prime factors of w into letters of v

a>bs a1 by Lua1 by = abs a1b1ai1 by + axboaia b1by + axbsaibia b+
aiazboa1b1by + ajazbabiaiby + aibyas by a1 by

VERVRVEVR AVAV

Facts (Foissy)

@ LU is associative
@ (kDy, L, 6,7, €) is a graded dual bialgebra to (kDp, e, A, 7, €)
© the above duality is self-duality (!)
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Connection to the theorem of Reutenauer

The Hopf subalgebra of (kDp, e, A, 7, €) generated by a4 = a1 by,
ap = aoho, ... an = apby is the free Hopf algebra k(A) on the set
A={ay,...,an} with its natural concatenation product

The dual (deconcatenation) coproduct

o ah ) E :a” QG Q) Qg Ay

Theorem (Reutenauer)

Let S; be characteristic series of a language L C A*. Then Lis
recognizable if and only if there exists finite decomposition

k
S)=>.50T, S, TcQ(A)
i=1

i.e. S, belongs to the Sweedler dual of Q(A)
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Hopf algebra of noncommutative symmetric functions

n
NSym = Q(ey,€z,€3,...),  Aen) =) €@ ek
k=0

Gelfand, Krob, Lascoux, Leclerc, Retakh, Thibon [1995]
Sym = Qleq, €2, €3, ...]| where

€1 = ZX/', €2 = Z XiXj, €3= Z XiXjXis + - -
1<i 1<i<y 1<i<j<k
are elementary symmetric functions (in infinitely many variables)
Proposition

@ NSym is a Hopf subalgebra of (QD;, e, A, 7, ¢) generated by
e = ab, e, = &b?, e3 = a°b°, ... (sticks)

©@ graded dual QSym (quasisymmetric functions by Gessel) of NSym
inherits its Hopf algebra structure from (QDy, L, 6,7, €)
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Distinguished subalgebras

THANK YOU
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