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Aw = 200w~ 2uw
— 5 5 ~Y
c2—u? c

® Vector x-ray tranform: u(x) — [; v’ (z)dl

+ ) — projection of the field u to the direction L
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Cone-beam 3D tomography
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® Vector field (f1(z), f%(x), f?(z)), x € R?
® RayinR3: xg+&t, t>0, 20,6 €R3, €| =1

® The X-ray transform

oo

fla) = X f(20,8) = _Of (f(x+&t), &) dt,

® Differential form f(z) = fi(z)dz! + fo(x)dx? + f3(x)da?
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Every differential form f, supp f C B can be uniquely

decomposed into sum of solenoidal and potential parts:
f=f +dh,
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The Radon transform
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For any two vectors w, v:

(df, (u,v)) = Z(fv) = Y viss (fu)

Hence: R[(df, (u, v>>]< p) =

(w,u) 9/p RIS, v)](w,p) — (w,v) d/IpRI(f, w)](w, p)
Specifically: R[df;;](w,p) = RI[(df, (e;, €;))](w,p) =

(w, e:) /OpRI(f, ej)](w,p) — (w, ;) D/OpRI(f, €:)](w, ),
where 7,7 = 1,2,3 and (e, e2, e3) is the standard basis

in R3
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On the plane A,

(

T
n
3 0
P1
= »
Fl a FQ = (d, O)
® 1 —=¢t=(d,0)+nr
(
§ = a1 cos 1 + azsin 1 tsin 1 = 7sIn 2
® <

) = a1 COS Y3 + asg sin P2
\

\

tcospy — TCos o =d
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® a =367
® a = <sm1901 — Lctg g01> £+ (Smlm + % ctg gpg) N
® (fa)=3(f,6—5(f,m
® (fiaz)= g (f.€— jctgwi(f.€)
+ smgg (frm) + Gctgwa (fim)
® S R[(fa)]=g5RI[ (& -5 R ()]
® 5 R[(f.a2)] = 5 Rlgs (f:6)] — & Rl ctg o1 (£, €)]
5 Rlsmg; (frm] + 5 RIG ctg pa (f.m)]

_I_
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Rays with origin at v, (Al(w, p))

& = aq cos 1 cos b + as sin 1 cos B + a3 sin 64

=y (M(w,p)) +t | sine; cosb;
\ sin 64

t, 1,01 are the spherical coordinates in R>

For any function g(¢1):

Rlg(en) (1.6) @.p) = [ glo0) (£,€) ds

HW»?

0

(cos (01 COS 91\

/

. @)

= 7(/t<f,s> dt
0

) g(p1) dep1
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Derivative of the Radon transform

® [For a function h(x), x € R?,

5 R[h(w,p) =R [Z W’i%h} (w,p)
® In coordinates (y!, 4%, vy°), associated with the basis

(a17a27a3): sz% — 6iy3

® In the spherical coordinates (¢, ¢1,601):

)

5,7 — sin 04 (% —COSH 89

® Specifically, on the plane H,, ,: 8%3 — %aiel

) dt)91:0 ngl,

2w 0O 4t
)dt)glzo dpr

® Hence 6%9 R[h] (w,p) = Jo 96, (fo (
G RIth (w.p) = o7 &z (Jo~ bl + 1€
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a% Rldfi)(w,p) = 22 (1X f(w,p) — TX5 f(,p))
+ %3 (I X1 f(w,p) — I.X 5 f(w,p))
v (12X f(w.0) + T X f(w9)
= Fia(w.p) + 5 Gra(w.p).

where for ¢ = 1, 2:

@ [X,; f27r 86922 X (07 SOZ') dgpiv
® I.X;=[" Ctg %W Xi (0, 5) dgi,
o I.X,=[T s a0 Xi [0, 0) dps,
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Reconstruction of °f

/

d=f (x)
{ 0°f(x) =0, for x € B,

u(x), for z € B,

xX Sf(ill‘,f) :g(x,ﬁ) for x € v = 1 U s,

® u(x) is the reconstructed df
® g(x,&) are the measured data

® 'There is a unique solution

4+ new kind of boundary conditions

£ es?,
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272 no n
/82 glw)dw o1 JZ:%SM%' ;g(wzj),

wi; = (sinwv; sintp;, cos v; sin;, cos ;)

V) = T

2(m—+1)
Vi = 7Tmi—l
1,7 =20,...,m.
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The data
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ST ¢ o =khp, k=0,....K —1, h, = 21/K
Information . 1o

4+ hg=h/xm

4 K is chosen so that h, =2n/K ~ h/m
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Parts F' and (&

G131 = v2 Isj

Gos i = —v1 Isj

Fig ) = 22220 [ 5 + 2 Icj
G2, = —v3 Isj

W13 —w3v v
F13,jl: ! 3d L, _72

Fo3 1 = 22537532 [ + 7 Icjy
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m

272 mo
dfap(x) = (m+1)2 Z%Slﬂ Sy ((1 — ) Vagijk-1) T Waﬁ,z‘jk) :
j:

1=0

® 5,1 < (wj,x) < s,

_ <wj733>_8k—1
® u= A .
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af — °f

p
J2 2,(i+1)j — f2 J(1—1)jk — S1 A(J+1)k + fl a(j—1)k — = 2hu19 17k

f3.iG+0)k — 13iG-1k — Jo,ijter1) T f2uj(k—1) = 2hu2s ijk,
I3,+1)5k — J3,6= 1)k — J1iik+1) T J1iik—1) = 2huas gjk,
J1,G+0)56 — J1,6=10)k T J2,iG+0k — J2,iG—1)k

+ 13,i(k+1) — J3,i5(k—1) = 0,

Z Ap,esigkfoijk = X f(Lps &)

\O{,’l:,],]{?

® The Kaczmarz method
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Reconstruction of df at z = 0.125, y =0

VT—— 2 Original 2 Original
Ma;hfmatlcal 1.5 | Reconstruction 1.5 ¢ Reconstruction
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0 ¢ 1 0 1
Discret.ization _05 7_0.5
Eumeljlcalt _1 I _1 i
— 15 | 15 |
-2 ‘ ‘ ‘ ) ‘ ‘ ‘
% Test b -1 -0.5 O2 0.5 1 -1 -0.5 0 0.5 1
#Test ¢ | Original -
o 1.5 | Reconstruction
enerallization 1 I
Further
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0 L
-0.5
_1 L
1.5 |
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-1 -0.5 0 0.5 1
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Reconstruction of f at z = 0.125, y = 0

Introduction ‘ — ‘ 1 —— ‘
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Reconstruction Reconstruction
model O 5 I
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Inversion
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Discretization
Numerical -01 ¢ :
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Experiments
0.2 1
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% Test c 02 | Original
' Reconstruction

Generalization
Further 01 i
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-0.1 |

-0.2 |

® f17f27 f3 S
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Reconstruction of df at z = 0.125, y =0
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Analytical
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Numerical
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-1 0.5 q 0.5 1 -1 0.5 0 0.5 1
st e Original
Goneralization Reconstruction

0.5 |
Further ’
Information

0 B
-0.5
1

50 / 64

® dfi2, dfi13, dfa3



Reconstruction

igina

Or

e

———
-

- rry
o S . N

\“WW\\\\\\¥¥{‘lll/////////////
4 \\\\\\\\&0‘0/{/1////////////
\\\\\\\\&&0‘{/!/////////
\\\\\\\ib‘OiJlIKI///////
PAPA T2 vow s SRR NNNYNANN
\
\

ENNNN

Reconstruction of f at z = 0.125

Introduction

RS D
f'l‘///‘/’d“l’tll’ll\'d_\l\l\b\l\l\
—= |
10 S 10
S S
— g
S m ) &
.w o +~ +~ @
+ — ﬁm ] n a O
[} o] o [} (0] N o
QO .Z ) m 3 e o +
s € 8 g = ° &l g ¢
el .- .-
3z By i@ f s
+ ® g
= ol & 2 235 8 =K & § 5 <&
= 8 < & Az d « B+« O & &

51 / 64

0.5

il o A A
N PP L

e
o

e e

—ﬁ4r,

e,

e e

a——

PO SO
s
s

AR e




Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

& Test a

% Test c

Generalization

Further

Information

Error of reconstruction of f at z = 0.125

® fi. f2, f3, ||f — foriginalll

52 / 64



Reconstruction of f at z = 0.125, y = 0

Introduction . ‘ ‘ . ‘
_ 0.2 | Original loo ! Original
Mathematical ' Reconstruction ' Reconstruction
model
Analytical 0.1 101y |
Inversion O I | 0 I |
Discretization
Numerical -0.1 | -0.1 ¢ !
Experiments
-0.2 | 1-0.2 |
< Test a ‘ ‘ ‘ ‘ ‘ ‘
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
% Test ¢ 02 | Original
Reconstruction
Generalization 01 I
Further
Information 0 i
-0.1 |
-0.2 |

® f17f27 f3 53 / 64



P I A

P I T N L

PR I R

P R T e
P A I T T T ey

P R A NN Y

v
PR
7. >
- 77
-

K
7.
-

N N S R N N T

.
.
P
q
4
.
.
‘«
«
‘
‘
‘
’
’
'
4
[
t
t

P I A e e e
P A I AT e QP

NESEENRERE T R 0 5 5 U S
Fr Y Y E Y Y Y R N N N N N N e N e et o aaw o a a

P

P

P
B I T T T T Y 4 a2 2 2 P
Pl
..

LR A R ek S OO N

DR A A g e e T S U P U PN

N
L e T N & O S OO NN
A
A
.

. s

-
.

-
.
.

R T I I I I e o e P S
N R R e R N N el D SRR R
D A I L S N S S S SR SIS SR Y

R I I I N N e D R R Y Y Y

[ e i i e T I

P e I I T TR R

P R R R R I I I I IO R R R RN

B Y

Numerical Experiments

Introduction

Mathematical

model

Analytical
Inversion
Discretization
Numerical
Experiments
% Test a

% Test b

s Test c

Generalization

Further

Information

0.5

-0.5

® f.=a2%(1—|z|?)%dx! — Y1 — |z]?)%dz? (2 = 0.125)

54 / 64



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

& Test a

% Test b

Generalization

Further

Information

Error of reconstruction of df at z = 0.125

® dfi2, dfia, dfas, ||df — dforiginalll

55 / 64



Reconstruction of df at z = 0.125, y =0

Introduction 1 ‘ ‘ ‘ ‘ ‘ :
Mathematical O”gmal 02 | Orlglpal
0.5 | Reconstruction ] Reconstruction
model
Analytical 0t 10.1 ¢
Inversion
Discretization
Numerical -1 1-0.1 ¢
Experiments 15 | i
% Test a 5 '02 i
< Lliegth o -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
02 | Original
' econstruction
Generalization
Further 01 i
Information 0
-0.1 |
-0.2 |

® dfi2, dfi13, dfa3 56 / 64



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

% Test a
% Test b

% Test c

Generalization

Further

Information

Reconstruction

of f at 2 =0.125

0.5 —

Y

o
e

P R R R RN SN

QLS TFTTTTe e 6666 et 0t b8 b AS
e R R R R S SO

PR o N P |
I A 2 2 I A e e S ST ST e Y

449 72 72 2 79 P9 esssrrreemesssssssssas &adsay
I IR R AR IR R P P R I

PR R I AR b G b e S S P

Yarasas
ddr v e

|
Original
Reconstruction

v E T e s e

Terrrreee

v
P e T e e e
-

ERE

a
v
-
- L
L A I N N
PP T Y A s r s e s e s e R e AAAS AL AL A
L e R T

P AT AT TS v s e et AR A AR % S A A4 AN A

PR TR IR S SR ok o PP PN

B A R I 0 o e R
R R R e b S A R R Y

R R e R e RN

B IR T S S R AP

R R R R et PP PPN PR

.
I I I I R R PSP,
~

.
&
FEYITEITY s es s P T Yy EYy
N R R R PIPSPS R
R R EE I
e I I SRR Y
I R R R T IR R e YA

P e I T e R R

I il I

P R I T o S N PSSR SSE AR R A

R R R R R R R L L T T a2

R I B T T T e RN RS Y

T E B I e e e PRSI S I S )

e LR R R R R T T YT Ty

e kR LR E RN N T I apar e e e P S |

P e e e L R E R Y Y Y Iy I ey

Vv % %% %9925 %522@accccsnrer

R Y
~.'

-0.5 0

57 / 64



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

& Test a

% Test b

Generalization

Further

Information

Error of reconstruction of f at z = 0.125

® fi. f2, f3, ||f — foriginalll

58 / 64



Reconstruction of f at z = 0.125, y = 0

Introduction ‘ — ‘ 1 —— ‘
Mathematical 02t Orlglnal Orlglnal
Reconstruction Reconstruction
model O 5 I |
Analytical 0.1 | 1
Inversion
0 1 0t |
Discretization
Numerical -01 ¢ :
: -0.5
Experiments
< Test a -02 | 1
“Test b -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
02 | Original
' Reconstruction
Generalization
Further 01 i
Information 0
-0.1 |
-0.2 |

® f17f27 f3 A



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

Generalization

s Tensor x-ray

(zeneralization

transform

% Reconstruction
Further

Information

60 / 64



Tensor x-ray transtform

Introduction

® 'Tensor field f ={ fi, .i,. } € Sn(R")
Mathematical
model ® X-ray transform: f— [0 fi i (z+ &) . & dt
Analytical
Inversion o (df)lllm—l—l — 0'(21 « e Zm+1)Mfi1...im
Discretization O
Numerical ® (5f)zl'5m—1 — a_gj,b-fil---im—li
Experiments ‘ f _ Sf + d’U’ Where 5 Sf _ O
Generalization 8f .
o T X- ) . . . . g 11 ---Tm
R ® (W iiiimin = alinfy) - alimim) g 50
# Reconstruction o X(f) — () < f = d'U < Wf =
Further
Information

61 / 64



Reconstruction

et ® R [<Wf7 (51: - - 757717 77m)>] (w7p) —

Mathematical

ol a(flm) . Oé(fmﬁm) <W, 771> e <W7 77’m> X

Analytical

TEyresietion 8819—7:; <f, (fl, .. ,fm» (w,p)

Discretization

Numerical ® Stra’tegy X f — R[Wf] — Sf

Experiments m o (n—l—m—l)'

Py m _ (n+m—2)!
n+m—2 7 ml(n—2)!

VS

Generalization
s Tensor x-ray

1 2
transform * FOI' n — 3: m _|_ 1 VS (m+ )2(m+ )

Further

Information

62 / 64



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

Generalization

Further
Information

% Next from Here

Further Information

63 / 64



Introduction

Mathematical

model

Analytical

Inversion

Discretization

Numerical

Experiments

Generalization

Further

Information

2 Next from Here

Next from Here

® 'This presentation:

® 'The article:

4 Aleksander Denisiuk: Reconstruction in the
cone-beam vector tomography with two sources,
Inverse Problems, Vol. 34, No. 12, 124008, (2018)
DOI: 10.1088/1361-6420/aae9ac

64 / 64


http://wmii.uwm.edu.pl/~denisjuk/presentations/congressio2024.pdf

	Introduction
	Integral Geometry
	X-ray tomography
	Doppler effect
	Doppler ultrasonography
	Cone-beam 3D tomography
	Completeness condition (X-ray)
	Previous works
	Recent works
	Completeness condition

	Mathematical model
	The X-Ray transform
	Two sources on a curve
	Decomposition and kernel
	Problem statement
	The Kirillov-Tuy Condition

	Analytical Inversion
	Strategy
	The Radon transform
	The Radon transform of df
	Change of basis
	The Radon transform of df
	On the plane H,p
	The Radon transform of df
	Rays with origin at 1(to.1(,p))to.
	Derivative of the Radon transform
	The Radon tansform of df
	Reconstruction of df
	Reconstruction of sf

	Discretization
	Integration over sphere
	The data
	X f
	Operators I
	Parts F and G
	Derivatives
	Backprojection
	Filtering
	dfsf

	Numerical Experiments
	Numerical Experiments
	Error of reconstruction of df at z=0.125
	Reconstruction of df at z=0.125, y=0
	Reconstruction of f at z=0.125
	Error of reconstruction of f at z=0.125
	Reconstruction of f at z=0.125, y=0
	Numerical Experiments
	Error of reconstruction of df at z=0.125
	Reconstruction of df at z=0.125, y=0
	Reconstruction of f at z=0.125
	Error of reconstruction of f at z=0.125
	Reconstruction of f at z=0.125, y=0
	Numerical Experiments
	Error of reconstruction of df at z=0.125
	Reconstruction of df at z=0.125, y=0
	Reconstruction of f at z=0.125
	Error of reconstruction of f at z=0.125
	Reconstruction of f at z=0.125, y=0

	Generalization
	Tensor x-ray transform
	Reconstruction

	Further Information
	Next from Here


