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● Integral transform: f(x) 7→ F (L) =
∫

L f(x)σ

● Johann Radon: Über die Bestimmung von Funktionen

durch ihre Integralwerte längs gewisser

Mannigfaltigkeiten, Ber. Verh. Säche. Akad. Wiss. (1917)

● Paul Funk: Über Flächen mit lauter geschlossenen

geodätischen Linien, Mathematische Annalen (1913)
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● I = I0 exp(−
∫

L µ(x) dl)

● X-ray transform: µ(x) 7→ ∫

L µ(x) dl
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● ∆ω = 2cuω
c2−u2 ≈ 2uωc

● Vector x-ray tranform: u(x) 7→ ∫

L u
′
L(x) dl

✦ u′L — projection of the field u to the direction L
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● X-ray µ(x) 7→
∞
∫

0
µ(x0 + ξt) dt

● Doppler (vector) u(x) 7→
∞
∫

0
u(x0 + ξt) · ξ dt

● Overdetermined problem

✦ Sources on a curve R3
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● Every plane intersecting the object should intersect the

curve
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Reconstruction, SIAM J. Appl. Math (1983)
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Problems (2000)
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● Schuster T, Theis D and Louis A K: A Reconstruction

Approach for Imaging in 3D Cone Beam Vector Field

Tomography, International Journal of Biomedical Imaging
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● Katsevich A and Schuster T: An exact inversion formula

for cone beam vector tomography, Inverse Problems
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● Vector field
(

f1(x), f2(x), f3(x)
)

, x ∈ R
3

● Ray in R3: x0 + ξt, t > 0, x0, ξ ∈ R
3, ‖ξ‖ = 1

● The X-ray transform

f(x) 7→X f(x0, ξ) =
∞
∫

0
〈f(x+ ξt), ξ〉 dt,

✦ 〈f, ξ〉 =∑ fiξ
i.

● Differential form f(x) = f1(x)dx
1 + f2(x)dx

2 + f3(x)dx
3

● To recover f from X f

● Assumption: supp f ⊂ B = { ‖x‖ < 1 }
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● Two curves are γ1(λ1), γ2(λ2) ∈ R
3

● Data:

✦ X1 f(λ1, ξ) =
∫ 〈

f
(

γ1(λ1) + ξt
)

, ξ
〉

dt,

✦ X2 f(λ2,η) =
∫ 〈

f
(

γ2(λ2) + ητ),η
〉

dτ,

● Assumption: γ1 ∩ supp f = γ2 ∩ supp f = ∅
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● Every differential form f , supp f ⊂ B can be uniquely

decomposed into sum of solenoidal and potential parts:

f = sf + dh,

where h|∂B = 0 and δ sf = 0
● kerX = { dh : h|∂B = 0 }



Problem statement

Introduction

Mathematical

model
❖X-Ray

transform
❖Sources on

a curve

❖Decomposition

❖ Inverse

problem

❖Kirillov-Tuy

Condition

Analytical

Inversion

Discretization

Numerical

Experiments

Generalization

Further

Information

16 / 64

● Given two x-ray transforms

X1 f(λ1, ξ), X2 f(λ2,η).

● To reconstruct sf , the solenoidal part of f .
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● Every plane Hω,p ∩ B 6= ∅ intersects curves γ1 and γ2 at
Γ1 = γ1

(

λ1(ω, p)
)

and, correspondingly, at

Γ2 = γ2
(

λ2(ω, p)
)

.
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1. X1f(λ1, ξ), X2f(λ2,η) 7−→ ∂
∂p R[df ](ω, p)

2. ∂
∂p R[df ](ω, p) 7−→ df

3. df 7−→ sf
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● Plane Hω,p = { 〈ω, x〉 = p }
● R[g](ω, p) =

∫

Hω,p
g(x) ds

● g(x) = − 18π2
∫

S2
∂2R[g](ω,〈ω,x〉)

∂p2
dω

● For any vector a:

R[
∑

ai
∂
∂xi
g](ω, p) = 〈ω, a〉 ∂/∂pR[g](ω, p)
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● For any two vectors u,v:

〈df, (u,v)〉 =∑ui ∂
∂xi
〈f,v〉 −∑ vi ∂

∂xi
〈f,u〉

● Hence: R[〈df, (u,v)〉](ω, p) =
〈ω,u〉 ∂/∂pR[〈f,v〉](ω, p)− 〈ω,v〉 ∂/∂pR[〈f,u〉](ω, p)

● Specifically: R[dfij](ω, p) = R[〈df, (ei, ej)〉](ω, p) =
〈ω, ei〉 ∂/∂pR[〈f, ej〉](ω, p)− 〈ω, ej〉 ∂/∂pR[〈f, ei〉](ω, p),
where i, j = 1, 2, 3 and (e1, e2, e3) is the standard basis

in R3
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a1

a2 = ω × a1

a3 = ω

Γ1
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Hω,p
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
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
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
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● R[df12](ω, p) =

(ω1v2 − ω2v1) ∂∂p R[〈f,a1〉](ω, p)− v3 ∂∂p R[〈f,a2〉](ω, p)
● R[df13](ω, p) =

(ω1v3 − ω3v1) ∂∂p R[〈f,a1〉](ω, p) + v2 ∂∂p R[〈f,a2〉](ω, p)
● R[df23](ω, p) =

(ω2v3 − ω3v2) ∂∂p R[〈f,a1〉](ω, p)− v1 ∂∂p R[〈f,a2〉](ω, p)
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a2

a1

ξ
η

ϕ1

ϕ2

x

Γ2 = (d, 0)Γ1

●














ξ = a1 cosϕ1 + a2 sinϕ1

η = a1 cosϕ2 + a2 sinϕ2

● x = ξt = (d, 0) + ητ

●















t sinϕ1 = τ sinϕ2

t cosϕ1 − τ cosϕ2 = d
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● a1 =
t
d
ξ − τ

d
η

● a2 =
(

1
sinϕ1

− t
d
ctgϕ1

)

ξ +
(

1
sinϕ2

+ τ
d
ctgϕ2

)

η

● 〈f,a1〉 = td 〈f, ξ〉 − τd 〈f,η〉
● 〈f,a2〉 = 1

sinϕ1
〈f, ξ〉 − t

d
ctgϕ1 〈f, ξ〉

+ 1
sinϕ2
〈f,η〉+ τ

d
ctgϕ2 〈f,η〉

●
∂
∂p R[〈f,a1〉] = ∂

∂p R[
t
d
〈f, ξ〉]− ∂

∂p R[
τ
d
〈f,η〉]

●
∂
∂p R[〈f,a2〉] = ∂

∂p R[
1
sinϕ1
〈f, ξ〉]− ∂

∂p R[
t
d
ctgϕ1 〈f, ξ〉] +

∂
∂p R[

1
sinϕ2
〈f,η〉] + ∂

∂p R[
τ
d
ctgϕ2 〈f,η〉]
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● ξ = a1 cosϕ1 cos θ1 + a2 sinϕ1 cos θ1 + a3 sin θ1

● x = γ1
(

λ1(ω, p)
)

+ t













cosϕ1 cos θ1

sinϕ1 cos θ1

sin θ1













● t, ϕ1, θ1 are the spherical coordinates in R
3

● For any function g(ϕ1):

R [g(ϕ1) 〈f, ξ〉] (ω, p) =
∫

Hω,p

g(ϕ1) 〈f, ξ〉 ds

=

2π
∫

0





∞
∫

0

t 〈f, ξ〉 dt


 g(ϕ1) dϕ1
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● For a function h(x), x ∈ R
3,

∂
∂p R[h](ω, p) = R

[

∑

ωi
∂
∂xi
h
]

(ω, p)

● In coordinates (y1, y2, y3), associated with the basis

(a1,a2,a3):
∑

ωi
∂
∂xi
= ∂
∂y3

● In the spherical coordinates (t, ϕ1, θ1):

∂
∂y3
= sin θ1

∂
∂t
+ 1
t
cos θ1

∂
∂θ1

● Specifically, on the plane Hω,p:
∂
∂y3
= 1
t
∂
∂θ1

● Hence ∂
∂p R[h](ω, p) =

∫ 2π
0

∂
∂θ1
(
∫∞
0 h(γ1 + tξ) dt)θ1=0 dϕ1,

∂2

∂p2 R
[th](ω, p) =

∫ 2π
0
∂2

∂θ21
(
∫∞
0 h(γ1 + tξ) dt)θ1=0 dϕ1
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∂

∂p
R[df12](ω, p) =

ω1v2 − ω2v1
d

(IX1 f(ω, p)− IX2 f(ω, p))

+
v3
d
(IcX1 f(ω, p)− IcX2 f(ω, p))

− v3
∂

∂p
(IsX1 f(ω, p) + IsX2 f(ω, p)) ,

= F12(ω, p) +
∂

∂p
G12(ω, p),

where for i = 1, 2:

● IXi =
∫ 2π
0
∂2

∂θ2
i
Xi f(0, ϕi) dϕi,

● IcXi =
∫ 2π
0 ctgϕi

∂2

∂θ2
i
Xi f(0, ϕi) dϕi,

● IsXi =
∫ 2π
0

1
sinϕi

∂
∂θi

Xi f(0, ϕi) dϕi,
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dfαβ(x) = −
1

8π2

∫

S2

∂

∂p

(

∂

∂p
R[dfαβ]

)

(ω, 〈ω, x〉) dω

= R∗
(

∂

∂p
Fαβ(ω, 〈ω, x〉) +

∂2

∂p2
Gαβ(ω, 〈ω, x〉)

)

.

● 1 ¬ α < β ¬ 3
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





























d sf(x) = u(x), for x ∈ B,

δ sf(x) = 0, for x ∈ B,

X sf(x, ξ) = g(x, ξ) for x ∈ γ = γ1 ∪ γ2, ξ ∈ S
2,

● u(x) is the reconstructed df

● g(x, ξ) are the measured data

● There is a unique solution

✦ new kind of boundary conditions
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∫

S2
g(ω) dω ≈ 2π2

(m+ 1)2

m
∑

j=0

sinψj

m
∑

i=0

g(ωij),

● ωij = (sinυi sinψj , cosυi sinψj , cosψi)

● ψj = π
2j+1
2(m+1)

● υi = π
i
m+1

● i, j = 0, . . . ,m.
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● Let h = 1/q be a discretization parameter, sl = hl,

l = −q, . . . , q
● For ωij , sl = hl, where i, j = 0, . . . ,m, l = −q, . . . , q

1. Calculate Γ1, Γ2, and the basis (a1,a2,a3)

2. Collect data: Xα f(0, ϕk), Xα f(hθ, ϕk),

Xα f(−hθ, ϕk) for rays intersecting the ball B

✦ ϕk = khϕ, k = 0, . . . ,K − 1, hϕ = 2π/K
✦ i = 1, 2

✦ hθ = h/π

✦ K is chosen so that hϕ = 2π/K ≈ h/π
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● D1i,k =
1
2hθ

(

Xi f(hθ, ϕk)−Xi f(−hθ, ϕk)
)

● D2i,k =
1
h2
θ

(

Xi f(hθ, ϕk) +Xi f(−hθ, ϕk)−Xi f(0, ϕk)
)
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● The trapezoids rule:

✦ Ijl = hϕ
∑K−1
k=0

(

D21,k −D22,k
)

✦ Icjl = hϕ
∑K−1
k=0

(

D21,k −D22,k
)

ctgϕk

✦ Isjl = hϕ
∑K−1
k=0

(

D11,k −D12,k
)

1
sinϕk
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● F12,jl =
ω1v2−ω2v1

d
Iαβ +

v3
d
Icjl

● G12,jl = −v3 Isjl
● F13,jl =

ω1v3−ω3v1
d

Iαβ − v2d Icjl
● G13,jl = v2 Isjl

● F23,jl =
ω2v3−ω3v2

d
Iαβ +

v1
d
Icjl

● G23,jl = −v1 Isjl
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Vαβ,ijl =
1

8π2

(

Fαβ,ij(l−1) − Fαβ,ij(l+1)
2h

+
2Gαβ,ijl −Gαβ,ij(l−1) −Gαβ,ij(l+1)

h2

)

,

● where 1 ¬ α < β ¬ 3, i, j = 0, . . . ,m, l = −q, . . . , q



Backprojection

Introduction

Mathematical

model

Analytical

Inversion

Discretization
❖ Integration

over sphere

❖Algorithm

Numerical

Experiments

Generalization

Further

Information

38 / 64

dfαβ(x) =
2π2

(m+ 1)2

m
∑

j=0

sinψj

m
∑

i=0

(

(1− u)Vαβ,ij(k−1) + uVαβ,ijk
)

,

● sk−1 ¬ 〈ωj , x〉 < sk,

● u =
〈ωj ,x〉−sk−1

h
.
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1

(
√
2πσ)3

e−
x21+x

x
2+x

2
3

2σ2
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

f2,(i+1)jk − f2,(i−1)jk − f1,i(j+1)k + f1,i(j−1)k = 2hu12,ijk,

f3,i(j+1)k − f3,i(j−1)k − f2,ij(k+1) + f2,ij(k−1) = 2hu23,ijk,

f3,(i+1)jk − f3,(i−1)jk − f1,ij(k+1) + f1,ij(k−1) = 2hu13,ijk,

f1,(i+1)jk − f1,(i−1)jk + f2,i(j+1)k − f2,i(j−1)k

+ f3,ij(k+1) − f3,ij(k−1) = 0,
∑

α,i,j,k

aµ,α,ijkfα,ijk = Xf(Γµ, ξµ)

(1)

● The Kaczmarz method
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● fa = x
2dx1 + x1dx2 (z = 0.125)
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● df12, df13, df23, ‖df − dforiginal‖
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● f1, f2, f3, ‖f − foriginal‖
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● fb = ∗d
(

1
2e
−
|x|2

2 (x1dx1 + x2dx2 − x3dx3)) (z = 0.125)
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● df12, df13, df23, ‖df − dforiginal‖
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● f1, f2, f3, ‖f − foriginal‖
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● fc = x
2(1− |x|2)2dx1 − x1(1− |x|2)2dx2 (z = 0.125)
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● df12, df13, df23, ‖df − dforiginal‖
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● f1, f2, f3, ‖f − foriginal‖
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● Tensor field f = { fi1...im } ∈ Sm(Rn)
● X-ray transform: f 7→ ∫∞

−∞ fi1...im(x+ ξt)ξ
i1 . . . ξim dt

● (df)i1...im+1 = σ(i1 . . . im+1)
∂

∂xim+1
fi1...im

● (δf)i1...im−1 =
∂
∂xi
fi1...im−1i

● f = sf + dv, where δ sf = 0

● (Wf)i1j1...imjm = α(i1j1) . . . α(imjm)
∂fi1...im
∂xj1 ...∂xjm

● X(f) = 0 ⇐⇒ f = dv ⇐⇒ Wf = 0
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● R [〈Wf, (ξ1, η1, . . . , ξm, ηm)〉] (ω, p) =
α(ξ1η1) . . . α(ξmηm) 〈ω, η1〉 . . . 〈ω, ηm〉 ×
∂m

∂pm
〈f, (ξ1, . . . , ξm)〉 (ω, p)

● Strategy X f → R[Wf ]→ sf

● Cmn+m−2 =
(n+m−2)!
m!(n−2)! vs C

m
n+m−1 =

(n+m−1)!
m!(n−1)! sources

✦ For n = 3: m+ 1 vs (m+1)(m+2)2
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● This presentation:

● The article:

✦ Aleksander Denisiuk: Reconstruction in the

cone-beam vector tomography with two sources,

Inverse Problems, Vol. 34, No. 12, 124008, (2018)

DOI: 10.1088/1361-6420/aae9ac

http://wmii.uwm.edu.pl/~denisjuk/presentations/congressio2024.pdf
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