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o N compact cokihler manifold = N x S compact Kahler
manifold and so formal = N formal.

e Sasakian manifolds

o All higher Massey products are trivial. But formality
is not an obstruction to the existence of Sasakian
structures even for simply-connected Sasakian
manifolds.

o Cosymplectic (also called almost cosymplectic) manifolds, i.e.
the odd-dimensional counterpart to symplectic manifolds:

There exist compact non-formal cosymplectic manifolds of
dimension (2n + 1) > 3.



Minimal models. Formal manifolds. Obstructions: Massey
products

Cosymplectic and cokahler manifolds. Sasakian and
K-contact manifolds

Formality of cosymplectic manifolds

Sasakian and K-contact manifolds

o Formality of Sasakian manifolds
o Simply connected K-contact non-Sasakian manifolds



Differential graded commutative algebras (DGAs)
(A,dy) is a DGA (or differential algebra for short) over R if

e Ais a graded commutative algebra over R, i.e.

.A = @ .AZ (AZ subspace of elements of degree Z)
>0

AP x A9 — APT? commutative in the graded sense

r-y = (-1)Py-x, re AP, ye A1,
o dy: AF — AL differential of degree +1
R-linear, dA2 =0,

da(z-y) = (daz)-y+ (=1 z-(day)
ExamMpLES. M differentiable manifold:
(Q*(M),d) de Rham complex of differential forms on M.

(H*(M),0) de Rham cohomology algebra of M with
differential = 0.



(A, d4) is a minimal differential algebra if
o A= AV = Symmetric (V*) @ Exterior (V?~1),

V=gV

o V has a basis {ai, as,...} such that
o in each degree, the number of generators is finite;

, where |a;| = deg(a;);

o if i <j, then |a;] < la;

o dgaj € Nai,...,aj-1), i.e. daaj is expressed in
terms of the preceding a; (i < j).

e In general, (2*(M),d) and (H*(M),d = 0) are non-minimals:
they are non-free algebras.



Viinimal models

o A minimal differential algebra (A V,dy) is a minimal model of
a differentiable manifold M if there is a quasi-isomorphism
p: (AV.dy) — (Q*(M),d), that is, there is

p: (AV,dy) — (Q*(M),d) morphism of DGAs
g HY(\V,dy) — H* (M)

o A DGA (B,dg) is a model of M, with minimal model
(AV,dy), if there is v : (A V,dy) — (B,dg) quasi =. So,

(B,dp) «— (\V,dv) > (Q*(M),d)

where p and v are quasi =

o (D. Sullivan) If M is simply connected, and (A V,dy) is the
minimal model of M — ((m;(M) ® R))* = V*




ormal manifolds

|
A differentiable manifold M, with minimal model (A V,dy ), is
formal if (H*(M),0) is a model of M, that is,

Y (/\de> — (H*(M),0) quasi &

(H*(M),0) «+— (\V,dv) 5 (*(M),d)

o If M has a Riemannian metric for which all wedge products of
harmonic forms are harmonic, then M is formal. In this case,
M is said to be geometrically formal.

o M simply connected compact manifold, dimM <6 = M is
formal.

e M connected and compact orientable manifold, dim M < 4
and with by (M) =1 = M is formal.




riple Massey products

Consider M a differentiable manifold, and
a=[a] € H'(M), b=[pl€HI(M), c=][y]eH"(M).
The (triple) Massey product (a, b, ¢) is defined if aUb=0=">bUc,
i.e.
a/\/B:dlL’/? MGQp+q_1(M)a
B Ay =dy, I/GQ‘”T—l(M).

Then, d(a Av+ (—1)P*pAy) =0, and

(a,b,) = [ A+ (~1)PH A )
Hp-i—q-l—r—l(M)
€ CUHTI(M) + cu B 1(M)’




er Massey products

a; € HPi (M), a; = |oy], 1<i<t, t>4.
The higher Massey product (a1, ag,- - ,a;—1,a;) is defined if
(@i, ait1, air2, - a5) =0, 1<i<j<t, (4, 7) # (1,1),
i.e., thereare a;; € V*(M), 1<i<j<t (i,7)#(1,t)s. t
Q45 = O,
dojit1 = (—1)|ai’i|ai,i A Q41,415 1<i<t—1,
daiive = (=)l Ao+ (=1%o 10 A iyaiva, -

j—1

dajj =Y (=Dl Hagp A g
k=i

Then, (a1,a2,--- ,a;) is the set of cohomology classes:

t—1
{ [Z(_1)|al’k|al,k A ak—i—l,t] } C Hp1+..‘+pt—(t—2) (M),

k=1
and (aq,ag, -+ ,aq) is trivial if 0 € (ay, a2, -+ ,a).
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Cosymplectic (or almost cosymplectic) manifolds

|
N is a cosymplectic manifold if N is a differentiable manifold,
dim N = 2n + 1, admitting a
o cosymplectic structure, that is, a pair (n, F') of differential
forms, where n € QY(N) and F € Q%(N) such that

|dn=0=dF, nAF"#0 ateverypeN|

e N is orientable; and if N is compact = b9;(N) and
bi(N) # 0, and so N non-simply connected.

o Examples: (M, w) symplectic manifold
— (N =M x R, n, F) cosymplectic with

|n:dt, F=uw

(N, n, F) cosymplectic = (N xR, w=F +nA dt)
symplectic



osymplectic manifolds

(N,n, F') cosymplectic manifold. Then,

o the distribution H = ker(n) is integrable since dn = 0; and

o 7 A F™ volume form on N = there exists a nowhere
vanishing vector field £ (Reeb vector field) on N given by

neE) =1, 1(F) =0 < 1 (nAF")=F"

So,

TN =H® (&)

and H = ker(n) is also a symplectic distribution.

e If (g, J) is an almost Hermitian structure on H with Kahler
form F', we have

g =gm +n* Riemannian metric on N,
such that TN = H & () is orthogonal, g¢(£,€) = 1, and



Almost contact metric structures

Let N be a differentiable manifold, dim N = 2n + 1. An almost
contact metric structure (n,&, ¢, g) on N:

o n € QYN), and a nowhere vanishing vector field £ on N s. t.

n§) =1
o ¢: TN — TN is an endomorphism satisfying
¢*=-Td+n®¢ #(€) = 0;

o g Riemannian metric such that, for X, Y vector fields on N,
9(¢X,9Y) = g(X,Y) — n(X)n(Y)

Thus, the decomposition TN = H & (£), with H = ker(n), is
orthogonal.

e The fundamental 2-form F' of (n,&, ¢, g) is defined by
F(X,Y) = g(¢(X),Y),
and it satisfies F(X,Y) = F(¢(X),#(Y)) and n A F™ # 0.




okahler manifolds

|
An almost contact metric structure (7,&, ¢, g) on N is cokahler if

o (n,F) cosymplectic (dn = 0 = dF); and
o Ny = 0, where Ny is the Nijenhuis tensor of ¢ given by

No(X,Y) = ¢°[X,Y] - ¢[¢X, Y] - ¢[X, oY ] + [¢X, $Y],

for all vector fields X, Y on N. So (n,&, ¢, g) is normal, i.e.
Ny +dn®&=0.

o (N,n,& ¢,9) is a cokdhler manifold = (M = N x R, h, J)
(M = N x S1) is Kahler, with h = g + (dt)?, J(¢) = 9;, and
J(X) = ¢(X), for X vector field on N.

So, if N is compact, then
e b1(N) = odd, bai(N) £ 0;
e Nis formal (M = N x S* formal = N formal).



asakian manifolds

|
(n,&, ¢, 9) is a Sasakian structure on N if

o (n,&,¢,9) is contact metric, i.e., F = dn, so n is a contact
form (n A (dn)™ #0).
* (n,&, ¢,g9) normal i.e., the Nijenhuis tensor Ny satisfies

Ny +dn®&=0.

or, equivalently,
(N, g) Sasakian <= (M = N x RT, g° =t? g + (dt)?) Kahler

o (N,n,&, ¢,qg) is Sasakian manifold = ¢ is a Killing vector
field, Leg = 0.

o (N,n,&,¢,g) compact Sasakian manifold, dim N = 2n + 1,
= bg;11(NV) are even for 1 < (2i + 1) < n.

o (n,€,9,9) is K-contact if it is contact and ¢ is a Killing vector
field.



e mapping torus of a diffeomorphism

M differentiable manifold, and ¢ : M — M diffeomorphism. The
mapping torus M, of ¢ is the manifold, dim M, = (dim M) + 1,

M x[0,1] _ M xR
M=o~ ~ 2

where the action of Z on M x R is given by the diffeomorphism

M xR M xR
(z,t) ~—=(p(x),t+1)

o p=1Id= M,= M x St In general,

M < M, S! LOCALLY TRIVIAL FIBER
(z,t) ~» €27t | BUNDLE OVER S AND FIBER M




mplectic mapping tori

(M, w) symplectic manifold, dim M = 2n, and
¢ : (M,w) = (M,w) symplectomorphism, i.e.,

e ¢: M — M diffetomorphism such that

The mapping torus M, (of a symplectomorphism ¢) is a cosymplectic
manifold

(M,w) symplectic = (M x R, dt, w) cosymplectic manifold. If
¢: (M,w) = (M,w) is a symplectomorphism. Then, we have

M x R
7

The forms dt and w on M x R are Z-invariant. So, they induce a
closed 1-form n € Q*(M,) and a closed 2-form F € Q?(M,,) s. t.

M xR — M, =

dn =0 = dF, nAF"#£0
| |

Not all cosymplectic manifolds are symplectic mapping tori.
Example: R?*+1,



A theorem of LI

Theorem (H. Li, Asian J. Math, 12, 2008)

If N is a compact cosymplectic manifold = N is the
mapping torus of a symplectomorphism of a compact
symplectic manifod, i.e. there exist a compact symplectic
manifold (M, w) and a symplectomorphism

¢: (M,w) — (M,w) such that

N =M,

o If (N,n, F) compact cosymplectic = 0 # [] € H'(N).
Thus, N is a mapping torus.

Theorem (D. Tischler, Topology 9, 1970.)

A compact manifold is a mapping torus if and only if it admits a
non-vanishing closed 1-form.



ohomology of a mapping torus

M differentiable manifold, and ¢ : M — M diffeomorphism.

M xR
Z

MxR— M, =

Mayer-Vietoris sequence implies that for any p > 0,

HP(M,) = ker (¢* — Id : HP(M) — HP(M))
HP1(M)
(¢* —Id: HP=Y(M) — HP=1(M))

dt
@[] A




\lon-formal mapping tori

M compact oriented manifold, and
@ : M — M an orientation-preserving diffeomorphism.
M xR
7
n € QY(M,) closed 1-form on M, induced by dt € Q'(R).

MxR-— M, =

Theorem (G. Bazzoni, —, V. Mufoz, Trans. AMS 367, 2015)

If for some p > 0, the map

©*: HP(M) — HP(M)
has the eigenvalue A = 1 with multiplicity r = 2 (), then M, has
a non-trivial Massey product, and so it is non-formal.

* KP = KP =ker(p*—1) € Kf=ker(¢*—1)? =K C HP(M), r>2

8] € (ker(¢* —I)?) —ker(p* —I)  and  [o] = (¢* — Id)[f]
Since [o] € ker(p* — Id) N Im(p* — Id), the Massey product

([nl, [n], [@]) is defined and it is non-trivial.



Theorem (G. Bazzoni, —, V. Munoz, Trans. AMS 367, 2015)

For every pair (2n + 1,b) # (3,1), with n,b > 1, there is a
compact non-formal cosymplectic manifold of dimension 2n + 1
and with first Betti number b; = b.

If (2n 4 1,b) = (3,1) all are formal but not necessarily cokahler.

2n+1 .
L ] L] L] L] L] L] L]
L] L] L] L] L[] L] L]
L] L] L] L] L] L] L]




Y1, symplectic surface of genus k > 1, H'(Zy) = (£1,..., ).
Take

@ : X —> X symplectomorphism

" HY(Z) — HY(Zp)
10 10 10 . .
(1 1> ® <0 1) d...0 (0 1) with respect to the basis (&;).

Now,

0 (&) = &1 + &, (&) =¢, 2<i<k

So, b1((Zk),) = 2k since HY((21),) = (0], &2, - - -, €ar), and
& € ker(p* — Id) N Im(¢" — Id)

—([n], ], &) # 0 = (1), NON- FORMAL



¥, symplectic surface of genus k > 2, H'(Z) = (&1 ... &op).
Consider

P Y —> Y symplectomorphism

v HY (D) — HY(Z)

(1) )el o)

with respect to the basis (&;).

(&) =& + &, V(&) =
V(&) =&+ &, V(&) =&, 4<i<2k

Hl((zk)w):qn]’g?’g‘la7g2k>a bl:2]€_1




T*: 4-torus, HY(T*) = ([¢], 1 <i < 4),

w=-e' Ae? 4 e3 A e* symplectic form. Define

0:T* — T* symplectomorphism
o  H' (TY) — H' (T*)
-1 0 0 0
0O -1 0 0
0O 0 -1 0
0 O 1 -1

Now ¢* : H' (T*)) — H' (T*) has no the eigenvalue A = 1.
Thus, H' ((T%),)) = ([n]), i-e., b1 (T}) = 1.



A non-trivial Massey product on (T"

e let ned] = [et Aed] = [et A e,
o*le? Ned] = [e2 A ed] — [e2 A€l

©*[e! Ael] = [e! A €'] otherwise.

o [e! Aet] € ker(p* — Id) NIm(p* — Id)

= ']I‘é is non-formal, since it has a non-zero Massey product

{n], In], [e* A etl) #0




e basic forms and the basic cohomolog

(N,n,&,b,9g) almost contact metric manifold, dim N =2n+ 1,
Fe characteristic foliation. A k-form ac € QF(N) on N is basic if

ea = 0 = (da) <= 1z = 0 = Lea

ok (N) = {a e OF(N) | a basic k:—form}.

e n g OL(N) since n =1,
e 1) contact form (so tgdn = 0) = dn € Q%(N);

« QUN) = {f € QN) | edf = &(f) =0}

If (z,y1,...,Y2n) is a local system of foliated coordinates on an
openU C N, & = 3 , the local expression of a basic k-form « is

OélU = Z fil-..ik(y17-.-7y2n)dyi1 VAN /\dylk

e O&(N) =0, k>2n+1 = dimN.



e basic cohomolog
o aABe QE(N)and da € QEFH(N), for a € Q% (N) and
2n
B € Qy(N). So, Q(N) = k@oa’g(N),
(Q(N), d) = ((N), d).

The cohomology of (25(N),d) is the basic cohomology of
(N,n,€,9,9),

ker (d: Ok (N) — Q’f;’l(N))
HE(N) = T . 0<k<2n
B

o HE(N) =0, k> 2n+1=dimN.
e HY(N) 2R = HY(N), HE(N) < HY(N). So,

if N is compact = dim H5(N) < dim H'(N) < oo.
But, for k > 2, HE(N) may be infinite dimensional.

e N compact, 1 contact => 0 # [(dn)*]p € H¥(N), k > 1.



Theorem (A. El Kacimi and G. Hector, Ann. Inst. Fourier 36,

1986; F. Kamber and Ph. Tondeur, Math. Ann. 277, 1987;
A. El Kacimi, Compositio Math. 73, 1990.)

(N,n,&, ¢,9) compact K-contact manifold, dim N = 2n 4+ 1, then

i) dimHg(N)<oo, 0 <k <2n;
i) Hp(N) = H'(N), HE(N) = ([(dn)"]B);

i) If (Nym, &, ¢, g) is a compact Sasakian manifold, then
HE(N) = & Hp(N)

satisfies the hard Lefschetz property with respect to
w = [dn|p € H?B(N), that is, for k < n, the map

L¥ k. HE(N) — HZFN) isomorphism
o — aUw"k



A model for a compact Sasakian manifolc

Theorem (A.M. Tievsky, PhD Thesis, MIT, 2008)

(N,n,¢,¢,9) compact Sasakian manifold, dim N = 2n + 1.
Then, a model for IV is the DGA

(25 @ A(@), a),
2] = 1, d(Hp)) =0, dz = w(=[dn]p).

oz =1= 2z 2 =0;
a€ HY(N), pe HY'(N). So, dy=(-1)lf3.w;

olfa=[a+pB 1] Hp(Hg(N) ® A(z), d), then
— [o] € Hp(Hg(N) ® N), d) it p<n:
oa=[8-2] ¢ HP<HE(N) ®/\(a¢),d) it p>n

o

IS



Theorem (I. Biswas, —, V. Mufioz, A. Tralle: arXiv: 1402.6861)

If N is a compact Sasakian manifold, dim N = 2n + 1, then all
the higher Massey products on N are trivial.

Proof. A model of (N,7,¢,¢,g) is (Hg(N) ® A\(z), d), where

2| = 1, d(Hg(N)) =0, dz=w(=dis)

To prove this theorem is equivalent to prove that the higher
Massey products

<a1"" 7a’t>7 a; = [Oéri‘ﬂ@x] € HPZ(HE(N)(X)/\(CC), d), t > 4,

are trivial. But dim N = 2n + 1 implies that there is at most one
cohomology class a; with |a;| = p; > n+1, that is,

e a; = [ay] if |aj| =pi <n, for 1<i<t; or

e there is only one cohomology class aj, 1 < j <t, s. t.
p; > n+1, ie.



Suppose that it is defined the quadruple Massey product
(a1,a2,a3,a4) C HP1+--.+p4—2<H* ®/\ ), deg(a;) <mn,

So, a; = [y, where o; € Hij(N), 1<1i<4. Take
b € (a1,a2,as,aq). Then, there are
Yig = Qg +Pij T € ( )@ \@) )
1 <i<j<4and(i,5) # (1,4), such that
Yiji = Qi = Qy, 1<i <4,
dviit1 = (=1)hisil 5, 5 “Yidblitls 1<4 <3,
dyz = (1) y g s+ (1)2 15 - 435,
dypa = (1)l yp5  ya 4 4+ (—1)1280 9 5 44 4.

b= (—D)Mily g yo g+ (1) 2l 0 g g+ (1)l 5y




Yig = Qi = O, 1<4i<4,
(D)Wl By - w = (1) s - @i, 1<i<3,

o1 - an3+ (D)2l o 5 a3,

—D)Braltessl g o qq s

)
—1)le2sl a5 g,
)
—1)lB2sltlensl gy oy

Now, for 1 <i<j <4 and (i,j) # (1,4), we consider the new
elements 7;; € (HE(N) ® /\(ac),d) given by

?ij:&ij-i-gij mG( ®/\ )

Yii = iy Yii+1 = Bii+1-2, Yy = 0 for j > 142,

b= (-7 Foy + (=125 5 Fa g+ (~1)T315, 33,4 =0




(M,g,J) compact Kahler manifold, dim M = 2n, with Kahler
form w such that [w] € H%(M,Z). Take the principal S*-bundle
corresponding to [w], that is,

Sty NZHL T,z dn = m*w.

Then, 7 is a contact form on N. Moreover, there is a Sasakian
structure (1, &, ¢, G) on N (with contact form 7)) given by

e ¢ is the vector field on N such that

(&) =1, 1(dn) =0

So,
TN =H® (), H = ker(n)

e ¢ and G are given by

¢(X) = (J(mX))", G = (g) + (1)




\lon-simply connected non-

Generalized Heisenberg nilmanifold N?"*+1 Take the
2n-dimensional torus 72" with Kahler form

w=&ANE+ ...+ En1 Ao,

where [£1],[£2], . . ., [€2n] are the generators of HY(T?",Z). Take
the principal S*-bundle corresponding to [w] € H*(T*",Z),

St N Iy 72, dn = 7" (w),

Then, N is a non-simply connected Sasakian manifold which is
non-formal. In fact, the minimal model of IV is

(/\(ala -e .y A2, 1‘), d): |a’L’ = ‘l" = 1’
da; = 0, dr = ay-ax+az-a4+ ...+ agp—1 - a2p.

Now,
al - a; = 0, ai - (ag-ag-a5-. . .-agn_l) = d((L‘ -as-as - ... a2n_1).

(a1, a1, a2 -az -as - ... ~agp—1) # 0




52 x §? x S% simply connected compact Kahler manifold with
Kahler form

W = w) +wy + w3,

where [w1], [wa], [ws] are the generators of the cohomology
H?(S?,7) of each of the S?-factors. Consider the principal
St-bundle

St N 5 82 x 82 x 82, dn = 7 (w).
Then, N is a simply connected compact non-formal Sasakian

manifold.

If (z,y) € S? x S2, the restriction to each (x,%) x S? is the circle
bundle with Euler class equal to [ws], i.e it is the Hopf bundle

St 53— S2
Varying (z,y) € S? x 52, we have that N is the S3-bundle over
52 x §?



S3 s N — S§% x §2
A minimal model of S? x S? is the differential algebra

(AN@bay) ), lal=lbl=2 o=yl =3
da = db = 0, dr = a2, dy = b°.

Thus, a minimal model of the total space of the fiber bundle
S3 < N7 — 82 x S? is the differential algebra

(N(a,b,z,y,2), d), lal = [b] =2, 2| = |y = [2] = 3,
da = db = 0, de = a%, dy = b*, dz = ab.

Now a®? = dx, ab = dz, which implies that it is defined the
triple Massey product

(a,a,b) # 0



Theorem (I. Biswas, —, V. Mufioz, A. Tralle: arXiv: 1402.6861)

Let (M,w) be a simply connected compact symplectic manifold,
dim M = 2n, with 0 & (a1, a2,a3,as) C H*(M). Then, there
exists a sphere bundle

Skl oy N — M, (k+1) > n,

such that the total space N is K-contact, but N does not admit
any Sasakian structure.

Proof. St — P21 — M2 principal S'-bundle corresponding
to [w] € H*(M,7Z), and (S?**1, 1) compact K-contact manifold.
Then, the associated S2**+1-bundle

S+l s N =P xg S* — M

is such that IV has a K-contact structure. The model of N is
((/\ Vi, dy) @ A(2), D), where deg(z) =2k + 1, D(Viy) = dy,
and D(z) = 0 since 2k +2 > 2n = dim M.



THANK YOU VERY MUCH!!



	Purpose/Contents
	Contents
	Triple Massey products
	Higher order Massey products and formality
	cokähler manifolds
	Cosymplectic manifolds
	Cosymplectic manifolds
	Almost contact metric structures
	Cokähler manifolds
	Sasakian manifolds
	Examples: 3-dim. non-formal with b12
	Examples: 3-dim. non-formal with b12
	Example 5-dim. non-formal
	Non-trivial Massey product
	Formality of Sasakian manifolds
	Formality of Sasakian manifolds
	Formality of Sasakian manifolds
	A model for a compact Sasakian manifold
	Regular Sasakian structures
	Examples of non-simply connected compact Sasakian manifolds
	Examples of simply connected compact non-formal Sasakian mfds.
	Purpose/Contents

