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Introduction

Let (M,w) be a symplectic manifold of dimension 2n and let x be a
point of this manifold. Denote by T,M and T;M the tangent space
and the cotangent space at x, respectively.

The symplectic form can be transmited to the bilinear form acting on
covectors, in the following way

w(n, &) = w(n®, &),
where 7, ¢ € T;M and for any one form 1), n* is defined by
n(v) = w(nu, v), ve TM.

This form induces bilinear pairings on each AT M, p=1,...2n, also
denoted by w and defined by

w(m A A Ny En -+ A fp) = det(w(ni, fj)i,j:1 ..... p)v

where n;, & € TyMforanyi,j=1,...,p.
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Introduction

Consider two spaces:
AP = C>(APT*M) - the space of scalar-valued p-forms,
AP = C=(A°T*M ® TM) - the space of vector-valued p-forms.

Now, the symplectic form can be extended to the space of vector-
valued forms by the formula

wlp® X, 0@ Y) = w(p, )w(X, V),
forany o @ X,v @ Y € AP. Additionally,
wle@X,Y)=w(X,Y) ¢, forany p@ X € A’ and Y € T(TM),
w(n® p,E®Y) =w(n, &) w(p, ), forany n® g, @Y €

Co(T*"M @ NPT*M).

Define three exterior products (all denoted by the same symbol):
A AP x A9 — A\PHA oA,
A NP x NI — APHG oA (W RX)=(pAY)QX;

A NP x N9 — \PTA (@ X)A (@ Y)=(oAV) w(X,Y).
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Differential operators on symplectic manifolds

Definition 1

A symplectic covariant derivative on (M, w) is a smooth linear
covariant derivative V such that:

TV =0, Vw=0.

Take V any symplectic covariant derivative. This operator can be
extended to the tensor algebra and the next to the space of
vector-valued p-forms for any vector field Y according to the formula

VY:Kp9<p®xl—>Vng®X+(p®VyX€Kp.
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Differential operators on symplectic manifolds

Let d : \» — AP+ be the operator of exterior derivation. It can be
extended to the space of vector-valued forms according to the formula

d: NP3 X— dop@ X+ (—1)Pp AVX € APHT,

Proposition 1

(1) Forany o € N> and+ € N9, d(o A) = do A+ (—1)Pp A dip.
(2) Forany o € NP andW € A9, d(p AV) = dp AW + (—1)Pp A dV.
(3) Forany® e AP and W € A9, d(® A V) = dd AW + (—1)Pd A dW.
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Differential operators on symplectic manifolds

Let eq,..., e be a local symplectic base on M and let €', ..., " be
a dual base to ey,..., es,. Note, that M is oriented, so
1 n nln—1) 1 2n
Q= _w =(-1)"z e' A A--- NP

Definition 2

The linear operator * : \° — N?>"—P defined by
o A *th = w(p, ), for all p, € NP

is called the symplectic Hodge star operator.

The symplectic Hodge star operator can be extended to the space of
vector-valued forms according to the formula

%13 @ X —s (xp) ® X € NP,
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Differential operators on symplectic manifolds

Definition 3
The linear operator tr : N° — A\P=2 defined by

n
tro = Z le, cleyp  forall o € NP
k=1

is called the symplectic trace operator, where ey, ..., exy is the local
symplectic base on M.

Moreover, we also define the symplectic trace operator acting on the
space of vector-valued forms:

NP> p@X— ixp e NP1
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Gradient and divergence in the Rummler sense

Definition 4

Define the linear operator j : \° — AP~ by the formula

W(J%X) =1XP,
forany ¢ € \°, X € [(TM).

Proposition 2

Letey, ..., 2, be a local symplectic base of M on a neighborhood U.
For any ¢ € AP, we have

n
Jo= Zzen+k30 ® ek — te,p ® enpk In U.
k=1

Proposition 3
Forany o € NP and € N9, j(p A) = jo Ap+ (=1)Pp A jib.
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Gradient and divergence in the Rummler sense

Definition 5

Define the linear operator o : A° — AP+ by the formula
aAp®X)=X" Ay,

for any o @ X € AP, where one form X’ is defined by

X°(Y) =w(X,Y), for any vector field Y.

Proposition 4

Forany ¢ € A’ and W € AP, we have w(jp, V) = w(p, aW).

Moreover, we have

Proposition 5
For any ¢ € N\°, ajo = pep.
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Gradient and divergence in the Rummler sense

The definitions of symplectic trace operators imply the following

Proposition 6

For any p € A°,
Trjp = —2trep.

Moreover, the symplectic trace operator acting on vector exterior
forms satisfies

Proposition 7

For any ® € AP,
Trdo = (—1)Pxax*o.
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Gradient and divergence in the Rummler sense

Now, two first order linear operators grad and div will be introduced.
The first one acts on scalar exterior forms.

Definition 6

The differential operator grad : \° — AP defined by
grad = jd + dj

is called the gradient.

Forany f € A° and X € A°, w(gradf, X) = X(f).
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Gradient and divergence in the Rummler sense

Definition 7

The differential operator div : N° — AP defined by

div = Trd + dTr
is called the divergence.

Proposition 8

For any ® € AP, we have

div(®) = Tr V(o).

In particular, div(X) = Tr(VX).

Proposition 9

For any ¢ ® X € AP, we have div(¢ © X) = Vxe + ¢ - div(X).
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Gradient and divergence in the Rummler sense

(1) Forany ¢ € A° and € N9,
grad(o A ) = grade A + ¢ A gradi.
(2) Forany o € N’ and VW € N3,
div(p AV) = gradp AV + o A divV.

(3) Forany ¢ € A° and W € A9,

Tr(e AV) =jo AV + (—1)Pp A TrV.
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Gradient and divergence in the Rummler sense

Letey, ..., 2, be a local symplectic base of M on a neighborhood U.
Lete', ..., e?" be its dual base. For any ¢ € N\°, we have

n
grad ¢ = Z Verxf ® €k — Ve, p @ €nyx in U.
k=1

Proposition 10

For any vector field X and for any o € A\°, we have

gradp A X = Vxp.

Proposition 11

(1) Foranyf e A% grad df = d gradf.

(2) Forany p € NP, grad dy = d grady + d?jop.

.
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Gradient and divergence in the Rummler sense

It holds the following relations:

For any vector field X,
(1) jVx = Vxi.

(2) *Vx =Vxx*.

Theorem 4

(1) = grad = grad x;
(2) % div=div *.
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Formally adjoint operators

For any 8 € A? and ¥ € AP, we define the global product 6 and ¢ by

(9,19):/9/\*19,
M
or equivalently
(9,9) = / w(6,9) - Q,
M

if the integral on the right-hand side exists.
It is defined by analogy for vector exterior forms.

Definition 8

The operator L is called formally adjoint to L, if the following
condition is satisfied
(LY, 9) = (6, LT),

if only 6 or 9 has the compact support.
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Formally adjoint operators

Definition 9
Define the differential operator § : \° — AP~ by

dp = (=1)P(xdx)p, for all p € N°.

Between, the operators grad, o and classical operators *, d and ¢,
there hold the following relations:

Proposition 12

(1) d =« grad.
(2) 0 = Tr grad.
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Formally adjoint operators

It turns out, that the following operators are formally adjoint:

0 is formally adjoint to d, i.e.

(d, ¥) = (¢, 09),

for any ¢ € AP~ and ) € NP, if only  or 1) has a compact support.

-div is formally adjoint to grad, i.e.

(grade, V) = (o, —divV),

for any ¢ € N’ and W € AP, if only ¢ or W has a compact support.
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Formally adjoint operators

Definition 10
Define the differential operator V* : C°(T*M @ NP T*M) — AP by

n
() V(=) = Zv9n+kzek5_v9kzen+kz
k=1
—  div(ek) - e, = + div(enik) - 16,

forany = € C>*(T*M @ NP T*M) and for any local symplectic base
e1, ..., 0N M.
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Formally adjoint operators

Proposition 13

Foranyé®@ o e C(T*M & ANPT*M),

V*(E®p) = —Veayp — - diveh.

Proposition 14

For any covariant derivative on M such, that Vw = 0 (not necessarily
T = 0) and for any compactly supported vector field X on M

/ (divX + w(X,7))Q = 0,
M

where for any local symplectic base ey, ..., €2, on M,

n
=3 T(ek enik)-

k=1

v
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Formally adjoint operators

With respect to the global products,

Theorem 7
V* is formally adjoint to V i.e.

(Vo,=Z) = (9, V*E),

forany p € N> and= € C>*(T*M & N°T*M), if only ¢ or = has a
compact support.
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