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Introduction.

The aim of the present talk is to describe connected QCH Kahler
surfaces (M, g, J).

Definition

The QCH Kahler surface is the Kahler surface with the property:
the holomorphic curvature K(7) = R(X, JX, JX, X) of any
J-invariant 2-plane m C T, M, where X € 7 and g(X, X) =1,
depends only on the point x and the number | Xp| = \/g(Xp, Xp),
where Xp is an orthogonal projection of X on D where D is a
J-invariant 2-dimensional distribution.

In this case we have
R(X, JX, X, X) = ¢(x, |Xp|)

where ¢(x, t) = a(x) + b(x)t? + c(x)t* and a, b, ¢ are smooth
functions on M. Also R = all+ b® + cV for certain curvature
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Introduction.

tensors 1, ®, W € ®* x*(M) of Kahler type. The investigation of
such manifolds, called QCH Kahler manifolds, was started by G.
Ganchev and V. Mihova in [G-M-1],[G-M-2]. (M, g,J) is a QCH
Kahler surface if and only if the antiselfdual Weyl tensor W~ is
degenerate and there exist a negative almost complex structure J
which preserves the Ricci tensor Ric of (M, g,J) i.e.

Ric(J.,J.) = Ric(.,.) and such that @ = g(J.,.) is an eigenvector
of W™ corresponding to simple eigenvalue of W ™. Equivalently
(M, g,J) is a QCH Kahler surface iff it admits a negative almost
complex structure J satisfying the Gray second condition
R(X,Y,Z,W)—-R(IX,JY,Z,W) =

R(IX,Y,JZ, W)+ R(JX,Y,Z,JW). Hence (M, g, J) satisfies
the second Gray condition if J preserves the Ricci tensor and W™
is degenerate. In [A-C-G-1] Apostolov, Calderbank and Gauduchon
have classified weakly selfdual Kahler surfaces, extending the result
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Almost complex structure J.

of Bryant who classified self-dual Kahler surfaces [B]. Weakly
self-dual Kahler surfaces turned out to be of Calabi type and of
orthotoric type or surfaces with parallel Ricci tensor.

We show that any Calabi type Kahler surface and every orthotoric
Kahler surface is a QCH manifold. In both cases the opposite
complex structure J is conformally Kihler. We also classify
generalized Calabi type Kahler surfaces.

Definition

By the generalized Calabi type Kahler surface we mean the QCH
Kahler surface such that the opposite Hermitian structure is
determined by a complex foliation on complex curves.

Let (M, g, J) be a 4-dimensional Kahler manifold with a
2-dimensional J-invariant distribution D. By w we shall denote the
Kahler form of (M, g,J) i.e. w(X,Y) = g(JX;Y).-Let (M, g,J)



Almost complex structure J.

be a QCH Kahler surface with respect to J — invariant
2-dimensional distribution D. Let us denote by £ the distribution
DL, which is a 2-dimensional, J-invariant distribution. By h,m
respectively we shall denote the tensors

h=go(pp x pp),m=go(ps X ps), where pp, pg are the
orthogonal projections on D, £ respectively. It follows that

g = h+ m. Let us define almost complex structure J by

Jig =—Jig and Jjp = Jp. Let 0(X) =g(¢,X) and JO = —0 o J
which means that JO(X) = g(J¢, X). For every almost Hermitian
manifold (M, g, J) the self-dual Weyl tensor W™ decomposes
under the action of the unitary group U(2). We have

A M =R LM where LM = [[A®? M]] and we can write W+
as a matrix with respect to this block decomposition
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Curvature tensor of a QCH Kahler surface.

W+:< %+ n W2+ >
(W) W5™ — 5ldiim

where k is the conformal scalar curvature of (M, g, J) (see
[A-A-D]). The selfdual Weyl tensor W™ of (M, g, J) is called
degenerate if Wo =0, W3 = 0. In general the self-dual Weyl tensor
of 4-manifold (M, g) is called degenerate if it has at most two
eigenvalues as an endomorphism W+ : AT M — AT M. We shall
denote by Ricy and pg the trace free part of the Ricci tensor Ric
and the Ricci form p respectively. An ambikahler structure on a
real 4-manifold consists of a pair of Kahler metrics (g, J1,w4)
and (g_,J—,w_) such that g and g_ are conformal metrics and
J+ gives an opposite orientation to that given by J_ (i.e the
volume elements %er A w4 and %w, A w_ have opposite signs).
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Curvature tensor of a QCH Kahler surface.

We shall recall some results from [G-M-1]. Let

R(X,Y)Z = ([Vx,Vy] = Vix,v])Z (1)
and let us write

R(X,Y,Z,W)=g(R(X,Y)Z,W).

If R is the curvature tensor of a QCH Kahler manifold (M, g, J),
then there exist functions a, b,c € C>°(M) such that

R =all+ b® + cV, (2)

where 1 is the standard Kahler tensor of constant holomorphic
curvature i.e.
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Curvature tensor of a QCH Kahler surface.

(X, ¥, 2,U) = 7(&(Y. 2)8(X,U) ~ (X, 2)g(Y,U)  (3)

+g(JY,2)g(UX,U) — g(IX, 2)g(JY,U) — 2g(JX, Y)g(JZ,U)),

the tensor @ is defined by the following relation

(X,Y,Z, U):%(g(Y,Z)h(X7 U) — g(X,2)h(Y,U) (4)

+g(X, U)h(Y,Z) — g(Y,U)h(X, Z) + g(JY, Z)h(JX, U)
—g(UX, Z)h(JY, U) + g(JX, UYh(JY, Z) — g(JY, U)h(JX, Z)

—2g(JX, Y)h(JZ, U) — 2g(JZ, U)h(JX,Y))



Curvature tensor of a QCH Kahler surface.

and finally

V(X,Y,Z,U)=—-h(UX,Y)h(JZ,U) = —(h;® hy)(X,Y,Z,U).
(5)
where hy(X,Y) = h(JX,Y). Let V = (V,g,J) be a real 2n
dimensional vector space with complex structure J which is
skew-symmetric with respect to the scalar product g on V. Let
assume further that V = D @ E where D is a 2-dimensional,
J-invariant subspace of V/, E denotes its orthogonal complement in
V. Note that the tensors 1, &, VU given above are of Kahler type.
It is easy to check that for a unit vector X € V TN(X, JX, JX, X) =
1, o(X, JX, JX, X) = |Xp|?, W(X, JX, X, X) = | Xp|*, where Xp
means an orthogonal projection of a vector X on the subspace D
and | X| = y/g(X, X). It follows that for a tensor (2.2) defined on
V we have
R(X, JX, X, X) = ¢(|Xp|)



Curvature tensor of a QCH Kahler surface.

where ¢(t) = a + bt? + ct*.

Let J, J be hermitian, opposite orthogonal structures on a
Riemannian 4-manifold (M, g) such that J is a positive almost
complex structure. Let & = ker(JJ — Id), D = ker(JJ + Id) and
let the tensors N, ®, W be defined as above where h = g(pp, pp).

Proposition
Let (M, g,J) be a Kahler surface which is a QCH manifold with
respect to the distribution D. Then (M, g,J) is also QCH

manifold with respect to the distribution & = D and if &', V' are
the above tensors with respect to £ then

R=(a+b+c)Nl—(b+2c)d" + cV’ (6)

v
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Curvature tensor of a QCH Kahler surface.

Proof.
Let us assume that

X e TM, ’X’ =1
. Then if @ = |Xp|, B = || Xg|| then 1 = a? + 32. Hence
R(X,JX,JX,X) = a+ ba? +ca* = a+ b(1 - 32) +c(1 - ?)2 =
a+b+c—(b+2c)8?+ cpt. O

If (M, g,J) is a QCH Kahler surface then one can show that the
Ricci tensor p of (M, g, J) satisfies the equation

p(X,Y) = Am(X,Y) + uh(X,Y) (7)

where \ = %a + %,,u = %aJr %b + ¢ are eigenvalues of p (see
[G-M-1], Corollary 2.1 and Remark 2.1.) In particular the
distributions £, D are eigendistributions of the tensor p
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Curvature tensor of a QCH Kahler surface.

corresponding to the eigenvalues A, i of p. The Kulkarni-Nomizu
product of two symmetric (2,0)-tensors h, k € Q? TM* we call a
tensor h @ k defined as follows:

ho k(X,Y,Z,T) = h(X,2)k(Y,T)+ h(Y, T)k(X, 2)
—h(X, T)k(Y,Z) = h(Y, Z)k(X, T).

Similarly we define the Kulkarni-Nomizu product of two 2-forms
w,n

wonX,Y,Z, T)=w(X,Z)n(Y,T)+w(Y, T)n(X, 2)
—w(X, T)n(Y,Z) —w(Y,Z)n(X, T).

Then b(w @ 1) = —2w A1 where b is the Bianchi operator. In fact
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Curvature tensor of a QCH Kahler surface.

3b(won)(X,Y,Z, T)=w(X,Z)n(Y, T)+w(Y, T)n(X, Z)—w(X, T)n(Y
—(Y, Z)(X, T) 4+ (Y, X)n(Z, T) +w(Z. Tn(Y . X)
—o(Y, TIN(Z.X) = w(Z, XY, T) +w(Z, Y)n(X, T)
(X, TIN(Z, Y) = w(Z, TYn(X, Y) = w(X, Y)i(Z, T)
=2wAnX,Y,Z,T).
Note that

|‘|:-%(%(g®g+w®w)+2w®w)), (8)

1
d=—-(hog+h Ow+2w® hy+2h;@w), 9)

QCH Kahler surfaces and complex foliations on Kahler surfaces
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Curvature tensor of a QCH Kahler surface.

V= —h;® hy, (10)

where w = g(J.,.) is the Kahler form. Note that
b(W) = 1h; A hy =0 since hy = e; A e is primitive, where ey, e is
an orthonormal basis in D.
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Curvature tensor of a QCH Kahler surface.

Theorem

Let (M, g,J) be a Kahler surface. If (M, g,J) is a QCH manifold
then W~ = c(%l’l — &+ V) and W~ is degenerate. The 2-form @
is an eigenvector of W™ corresponding to a simple eigenvalue of
W~ and J preserves the Ricci tensor. On the other hand let us
assume that (M, g, J) admits a negative almost complex structure
J such that Ric(J,J) = Ric. Let

E = ker(JJ — Id),D = ker(JJ + Id). If W= =5(30— &+ V) or
equivalently if the half-Weyl tensor W~ is degenerate and w is an
eigenvector of W™~ corresponding to a simple eigenvalue of W~
then (M, g, J) is a QCH manifold.

Note that for a Kahler surface (M, g, J) the Bochner tensor
coincides with W™ and we have
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Curvature tensor of a QCH Kahler surface.

1
R=— 17—2(4(g®g+w®w)+w®w)

—(

If (M,g,J)is a QCH Kahler surface then Ric = Am + ph where
A= %a + %,u = %a + %b + c¢. Consequently

Rico = —25<m + 25€h = 5h — 6m where § = 25€. Hence

Rico = 20h — dg. Hence we have

(Ricc@ g+ po @w) 4+ po@w+w® pg) + W™

-I>Ii—l
N =

7,1
R=—
12(4(g®g+w®w)+w®w)
11
—7(5((20h — dg) @ g + (20h, — dw) @ w) + (20h, — dw) ® w

w® (20h) — dw)) + W



Curvature tensor of a QCH Kahler surface.

Consequently

R:%I’I+26¢—6I’I+W*:(a—%)ﬂ+(b+c)¢+W’
and all+ b® + cV = (a — ¢)T+ (b + c)® + W™ hence
W— = c(%l’l — & + V). It follows that W~ is degenerate and @ is
an eigenvalue of W™ corresponding to the simple eigenvalue of
W~ It is also clear that Ric(J,J) = Ric.
On the other hand let us assume that a Kahler surface (M, g, J)
admits a negative almost complex structure J preserving the Ricci
tenor Ric and such that W™ is degenerate with eigenvector w
corresponding to the simple eigenvalue of W ™. Equivalently it
means that J satisfies the second Gray condition of the curvature
ie. R(X,Y,Z,W)—R(UIX,JY,Z,W) =
R(UX,Y,JZ, W)+ R(JX,Y,Z,JW). Then
W~ = £((0 — ® + V). If Ricg = §(h — m) then as above
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Curvature tensor of a QCH Kahler surface.

= &M+ 20 — oM + W~. Consequently
= (g —0)N+250 + 2(6I'I ® + V) and consequently

R:(6—5+—)ﬂ+(25—§)¢+2w (11)

Note that # is the conformal scalar curvature of (M, g, J). The
Bochner tensor of QCH manifold was first identified in [G-M-2].
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Curvature tensor of a QCH Kahler surface.

Corollary

A Kahler surface (M, g,J) is a QCH manifold iff it admits a
negative almost complex structure J satisfying the second Gray
condition of the curvature i.e.

R(X,Y,Z,W)—-R(IX,JY,Z,W) =

R(JX,Y,JZ, W)+ R(JX,Y,Z,JW)

The J-invariant distribution D with respect to which (M, g, J) is a
QCH manifold is given by D = ker(JJ — Id) or by
D = ker(JJ + Id).

- -
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Curvature tensor of a QCH Kahler surface.

Let us assume that (M, g, J) is a Kahler surface admitting a
negative Hermitian structure J such that Ric(J,J) = Ric. Then
(M, g,J) is a QCH manifold.

If a Hermitian manifold (M, g, J) has a J-invariant Ricci tensor Ric
then the tensor W is degenerate (see [A-G]). O
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Curvature tensor of a QCH Kahler surface.

If a Kahler surface (M, g, J) is compact and admits a negative
Hermitian structure J as above then (M, g, J) is locally
conformally Kahler and hence globally conformally Kahler if by (M)
is even. Thus (M, g, J) is ambiKahler since by (M) is even.

Now we give examples of QCH Kahler surfaces. First we give (see
[A-C-G-1])

Wiodzimierz Jelonek QCH Kahler surfaces and complex foliations on Kahler surfaces



Curvature tensor of a QCH Kahler surface.

Definition

A Kahler surface (M, g, J) is said to be of Calabi type if it admits
a non-vanishing Hamiltonian Killing vector field £ such that the
almost Hermitian pair (g, /) -with | equal to J on the distribution
spanned by ¢ and J¢ and —J on the orthogonal distribution - is
conformally Kahler.

Every Kahler surface of Calabi type is given locally by

g = (az — b)gs + w(z)dz? + w(z) " }(dt + )?, (12)
w = (az — b)wy + dz A (dt + ), da = awy
where £ = %.
The Kahler form of Hermitian structure / is given by

w; = (az — b)wy — dz A (dt + «) and the Kahler metric
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Curvature tensor of a QCH Kahler surface.

corresponding to | is g_ = (az — b)°g.
If a # 0 then the metric (*) is a product metric. If a # 0 then we
set a=1,b=0 and write w(z) = hence

z
V(z)

V(z)

g = zgsy + zdz% + 2 (dt + a) (13)

V(Z)
w = zwy + dz A (dt + ), da = wy

It is known that for a Kahler surface of Calabi type of non-product
type we have py = dw; where § = — & (15 + (3),2?) (see
[A-C-G-1]) and consequently Ric(/, 1) = Ric. This last relation
remains true in the product case metric. Hence we have

Every Kahler surface of Calabi type is a QCH Kahler surface.
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Curvature tensor of a QCH Kahler surface.

Definition

A Kabhler surface (M, g, J) is ortho-toric if it admits two
independent Hamiltonian Killing vector fields with Poisson
commuting momentum maps £n and € + 1 such that d€ and dn
are orthogonal.

An explicit classification of ortho-toric Kahler metrics is given in
[A-C-G]. We have (this Proposition is proved in [A-C-G], Prop.8 )
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Curvature tensor of a QCH Kahler surface.

Proposition
The almost Hermitian structure (g, J,w) defined by

2 2
A€ A" ) L (F()(dt+ndz) —G(n)(dt-+Edz)?

e =gy em ey -
Jd¢ = i57)7(0115 + ndz), Jdt = —% _ % (15)
Jdn = %(dt +&dz), Jdz = % + %,

w=d& A (dt +ndz) + dn A (dt + £dz) (16)

is orthotoric where F, G are any functions of one variable. Every
orthotoric Kahler surface (M, g, J) is of this form.
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Curvature tensor of a QCH Kahler surface.

Every orthotoric Kahler surface is a QCH Kahler surface.

Note that both Calabi type and orthotoric Kahler surfaces are
ambikahler. On the other hand we have

Let (M, g,J) be ambi-Kahler surface which is a QCH manifold.
Then locally (M, g, J) is orthotoric or of Calabi type or a product
of two Riemannian surfaces or is an anti-selfdual Einstein-Kahler

surface.

Now we give a classification of locally homogeneous QCH Kahler
surfaces.
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Curvature tensor of a QCH Kahler surface.

Proposition

Let (M, g,J) be a QCH locally homogeneous manifold. Then the
following cases occur:

(a) (M, g,J) has constant holomorphic curvature (hence is locally
symmetric and self-dual)

(b) (M, g,J) is locally a product of two Riemannian surfaces of
constant scalar curvature

(c) (M, g,J) is locally isometric to a unique 4-dimensional proper
3-symmetric space.
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Curvature tensor of a QCH Kahler surface.

Remark

A Riemannian 3-symmetric space is a manifold (M, g) such that
for each x € M there exists an isometry 0, € Iso(M) such that

03 = Id and x is an isolated fixed point. On a such manifold there
is a natural canonical g-ortogonal almost complex structure J such
that all 6, are holomorphic with respect to J. Such structure in
dimension 4 is almost Kahler and satisfies the Gray condition Go.
The example of 3-symmetric 4-dimensional Riemannian space with
non-itegrable structure J was constructed by O. Kowalski in

[Ko], Th.VI.3. This is the only proper generalized symmetric space
in dimension 4.
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Curvature tensor of a QCH Kahler surface.

Remark

This example is defined on R* = {x, y, u,v} by the metric

g = (—x+Vx2+y2 + 1)dv® + (x+v/x2 + y2 + 1)dv? —2ydu® dv

(17)

(14 y?)dx? + (1 + x?)dy? — 2xydx © dy]
1+ x2+4y?

It admits a Kahler structure J in an opposite orientation.

+
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Remark

Every QCH Kahler surface is a holomorphically pseudosymmetric
Kahler manifold. (see [O],[J-1] ). In fact from [J-1] it follows that
R.R = (a+ 2)M.R. Hence in the case of QCH Kihler surfaces we
have

R.R = %(T*R)H.R (18)

where 7 is the scalar curvature of (M, g,J) and & is the conformal
scalar curvature of (M, g, J). Note that (2.19) is the obstruction

for a Kahler surface to have a negative almost complex J structure
satisfying the Gray condition (Gz). In an extremal situation where

(M, g, J) is Kihler we have R.R = 0.

Now we recall some results from [J-5].
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Let (M,g,J) be a Hermitian 4-manifold. Let us assume that

|[VJ| # 0 on M. Then for any local orthonormal oriented basis
{E1, Ex} of D there exists a global oriented orthonormal basis
{Es, E4} of D independent of the choice of {E;, Ex} such that

VQ = a(f; @+ 6, ® V) (19)

where ® =01 AN 03 — 0 AOa, W =01 AOs+ 6> A b3,00 = ﬁwﬂ
and {01,02,03,04} is a cobasis dual to {E;, Ep, E3, E4}. Moreover
0Q = —2al3,0 = —aby where the Lee form 6§ of (M, g, J) is
defined by the equality dQ2 = 20 A Q

By D we denote the distribution spanned by the fields {E3, E4}.
Throughout all the paper we shall assume that |V J| # 0, hence
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Hermitian surfaces with Kahler natural opposite almost Hermitic

a # 0. Then D is a foliation. If the natural opposite almost
Hermitian structure is Hermitian then D is totally geodesic (see
[J-4]). Next we recall some results from [J-5].
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Let (M, g,J) be a Hermitian surface with J-invariant Ricci tensor
(i.e., R(LM) C AtTM). Let {Ey, Ey, E5, E4} be a local orthonormal
frame such that (2.1) holds. Then

B, =03, =Elna,

FL = rgl = *r?z =—Elna,
rgl = *riz, r£111 = rgz,
B+ =0,

M3 =—E4lna +a,

where VxE; = Y. wl(X)E;j and T, = wi(E).
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Let (M, g,J) be a Hermitian surface with J-invariant Ricci tensor.
Then T3 = —ExIna, 33 = Eilna and df is anti-self-dual.

If (M, g,J) is a Hermitian surface with |[VJ| # 0 on M, then the
distributions D, D define a natural opposite almost Hermitian
structure J on M. This structure is defined as follows

Jlp = —J|p, JlpL = J|pL. In the special basis we just have:
JE = B, JE3 = —E,.
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Let (M, g,J) be a Hermitian 4-manifold with Hermitian Ricci
tensor and Kahler natural opposite structure. Let us assume that
|[VJ| # 0 on M. Then

(a) D is a totally geodesic foliation,

(b)EzInav =0,

(C) VE4E4:0,_ _

(d) df = —Exa® — E;aV where

P =0, N034+0, N0,V =0,N0,—0N03.

Hence, if the opposite structure is Kahler, then
_rgl = F%2 = F‘l‘l = F‘2‘2 = %a. We also have
My=—Elna,M;=EIna
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Hermitian surfaces with Kahler natural opposite almost Hermitic

Let (M, g,J) be a Hermitian 4-manifold with Hermitian Ricci
tensor and Kahler natural opposite structure. Let us assume that
|VJ| #0on M. If (M, g,J) is a semi-symmetric surface foliated
by Euclidean spaces, then Ejln o = %a. On the other hand if
(M, g,J) is a QCH surface with Hermitian opposite structure J
such that J is a natural opposite structure for J and E4lna = %a,

then (M, g, J) is semi-symmetric.

-

Let us assume that 0; = fdx, 0, = fdy. We will later show that we
can always assume that 6; = fdx, 6, = fdy where (x,y, z,t) is a
local foliated coordinate system i.e. D = kerdx N kerdy. Then

M3, =%, =0. Then we have (see [J-5])

[E1, B = —=E1 + B Inaks, (20)
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[E27 E4] = —%E2 — E1Inaks, (21)

[Er, B3] = —E>Inaks, (
(6>, B3] = EqInakEy, (
[E3, Eal = —(—Eslna + a)Es, (24)
[E1, B] =T Ey — T3, E> + ;. (
We also have (equations (2.3))

1 1
dfy =T2,00 N6+ 5001 A O, db> = —3,00 N6 + 5002 A\ Oa,

df; = —abi Ny — ExInafy A O,
+EiInabfy ANy + (—Eslna + a)f3 A Oy,
dfs = ExInaby A O3 — ErInaby A B5.



Special coordinates for generalized Calabi type Kahler surfaces.

The two almost Hermitian structures J,J on M, such that the
(1,0) distribution of J is given by 61 + i6, = 0,63 + i64 = 0 and
the (1,0) distribution of J by 01 + i3 = 0,03 — i4 = 0, are
integrable if equations (2.3) are satisfied. The form df = —d(afs)
is self-dual with respect to the orientation given by J.
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Definition

A foliation F on a Riemannian manifold (M, g) is called conformal
if, for any V tangent to the leaves od F, the equation

Lvg =0(V)g

holds on TF*, where 6 is a one form vanishing on TF+ . A
f_oliation F is called homothetic if it is conformal and df = 0.

Definition

A complex distribution D on a complex manifold (M, g, J) is called
holomorphic if LeJ(TM) C D for any £ € (D).
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Let (M, g,J) be a Kihler surface and D be a complex foliation,
dimD = 2. Then the almost Hermitian structure | given by

lp = Jp, lpr = —Jp is integrable if and only if D is
holomorphic and totally geodesic.

Let (M, g, J) be a Kahler surface with foliation D whose leaves are
complex curves such that the natural opposite almost Hermitian
structure J determined by D is Hermitian. Then D is conformal
and dQ =20 AQ and Lyg = 6(V)g on D+ forany V € D. It is
shown in [J-3] that d§(X,Y) =0 for all X,Y € D.

Note that Calabi type surfaces (M, g, J) are Kahler QCH surfaces
with a foliation D which determines an opposite Hermitian locally
conformally Kahler structure. Hence D is conformal and
homothetic and we have df = 0 and hence Eja = Era = Eza = 0.
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Hence if «v is not constant we may assume that Eqae # 0 on M, we
just consider an open submanifold U given by
U={x€ M: Eja # 0}. We construct special coordinates on M.

Let X € D where D is a 2-dimensional foliation on the manifold

M, dim M = 4. Then there exist foliated coordinates (x,y,z,t) on
M such that X = .
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Proof.

Assume (x',y’, z, t) are coordinates on M such that X = % and
(dz,dt) : D — R? is a surjection. As a new coordinates let us take
(x,y,z,t), where (x,y,Zz', t') are foliated coordinates,i.e.

D = kerdx N ker dy. Then

dx(X) = dy(X) = dt(X) =0, dz(X) = 1 and 1-forms

dx, dy, dz, dt are linearly independent. Hence (x, y,z,t) is a new
foliated coordinate system and in these coordinates X = %. ]

-

Let X, Y € D be linearly independent vector fields, where D is a
two-dimensional foliation on M, dim M = 4. Then there exist
foliated coordinates (x, y,z,t) on M such that X = f%, V= g%.
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Proof.

Let (x',y’, 2/, t) be coordinates, such that X = -2 and

(dZ’,dt) : D — R? is a surjection. Let (x”,y”, z,t') be
coordinates, such that Y = 2 and (dz,dt') : D — R?is a
surjection. As a new coordinates let us take (x,y, z, t), where
(x,y, 2z, t]) are foliated coordinates such that D = kerdx N ker dy.
Then dx(X) = dy(X) = dt(X) =0 and

dx(Y) =dy(Y)=dz(Y)=0. The 1-forms dx, dy, dz, dt are
linearly independent. Hence (x,y, z, t) is a new foliated coordinate
system and in new coordinates X = faz, Y = g%. ]

-
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Let o € C*°(M) be a function such that X« # 0, where X € D.
Then there exist foliated coordinates (x, y, z,t) for which
a=az) and X = f% for certain function f.

Proof

Let us take coordinates (x,y,z,t) given by Th.A and let

X =x,y =y,7z = g(a(x,y,z, t)), t' =t for some smooth
function g on R with g’ # 0 Then « is a function of z’ only and
X:%:g’( (x,y, z, t)) (x Y, 2, t)az,—f% where

Ooa
f= g'(a(x,y,z, t)))E(X,y,Z, t)-

D/
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Let a,b: R* — R be smooth functions such that 8,a = Oxb. Then
there exists a smooth function f : R* — R such that
Oxf =a,0,f =b.

Proof.

Let us define f by the formula

f(x,y,z,t) = A(z,t) + f7 a(x,y, z,t)dx + b(x,y, z, t)dy where A
is some smooth function and «y is a smooth curve contained in the
plane z = const, t = const which joins a point (0,0, z, t) with a
point (x, y,z,t). Then f is well defined since the form

w = adx + bdy is closed (hence exact) in the plane

z = const, t = const. It is easy to see that Oyf = a,0,f =b. [

v
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Let  be a 1-form on R* such that df(dx,d,) = 0. Then there
exists a function f : R* — R such that 0(0x) = dxf,0(dy) = 9, f.

6(dy). Then 0ya = Oxb and we can apply Th
D. [
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Theorem

Let (M, g,J) be a Kahler surface with conformal 2-dimensional
foliation F, such that d0(X,Y) =0 for X,Y € TF. Then for
horizontal vector fields Z,Y € (TF)* we have
g(Y,Z)=1p*h(Y,Z) where p: M — N is a local submersion,
whose fibers are leaves of a foliation F and f is a certain function
on M.
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Proof.

Let Lyg(Y,Z)=0(V)g(Y,Z). We have 6(X) = dIn f(X) for all
X € TF for a certain positive function f (see Lemma G). Define a
metric h on N by the formula h(X, Y) = 1g(X*, Y*) where
X*, Y* are horizontal lifts of X, Y i.e. p(X*) = X,p(Y*) =Y and
X*,Y* € (TF)L. We will show that h is well defined. It is enough
to show that for V € T(F) we have V(fg(X* Y*)) = 0. But
V(%g(X*, Y*) = —‘f/—zfg(X* Y*) + #(Lvg)(X*, Y*) +
e[V, X1, Y*) + fg(X"Z [V, y*]) =

AV o (X*, Y*) + 1(dIn F)Vg(X*, Y*) = 0 since the fields
[V,X*] [V, Y*] are tangent to the leaves of a foliation. O

v
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In the case of QCH Kahler surfaces with Hermitian opposite
almost Hermitian structure given by complex foliation F we always
have dO(X,Y) =0for X,Y € TF

(see [J-8], Remark 3.3, p.234).

Let (M,g,J) be a QCH Kahler surface with a complex foliation D
determining a Hermitian opposite natural structure. Then there
exists an orthonormal frame {Ey, E;} on D+, such that

01 = fdx, 0, = fdy where f is a positive function and (x,y,z,t) is
a foliated coordinate system on M.
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Let us take isothermal coordinates on N for h. Then
h = k(dx? + dy?) and g(Y,Z) = fk(dx?® + dy?) for Y,Z € TD+
(see Th.E). Now take f = \/f1k O

Now we show that for Calabi surfaces with nonconstant o we can
take local coordinates for which

Ey = 20+ 10¢, E» = 10, + ndy, Es = g0, Es = O, where g is

g = Bg1 where af = e*, A= [a and g1 = gi(x,y, t). We
assume that E4a # 0 on M. Note that in our case

Eia = Exae = Ezar = 0 hence we assume that « is nonconstant.
From the above theorems it follows that we can take foliated
coordinates such that E4 = hd, and E3 € span(0,,0;) = D. Since
Esza = 0 and a; # 0 it follows that E3 = g0; for some function
g(x,y,z,t). Now we show that we can take h = 1. Note that
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kerdz = span(Ey, E>, E3) = span(0y, 0y, 0;). Esa depends only on
z since using the equations for Lie brackets we obtain

EiEsa = [Ey, Ela = —%Ela =0 (26)

and so on. Hence Esa = ¢(z). Now Ejar = ho/(z) = ¢(z). Hence
h is a function of z only and taking appropriate transformation of
coordinates we can assume that h = 1. Now from

[E3, E4] = —(—% + a)E3 it is easy to check that g = Bgi(x,y, t)
where a3 = e?. For any function gi(x, y, t) we define g = Bg;.
Now we change coordinates by

x' = x y’:y,t’—fgl(xyt)dt Z = 2z. Then

0y = 07,0y = g10¢. Then in new coordinates g = 1 and

Ey = 0y, E3 = B(2')0y. These new coordinates we again write as
(x,y,z,t). Note that this system of coordinates is foliated. In the
case a = const # 0 we use Th.B to find foliated coordinates-such
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that E4 = h0,, E3 = g0;. Now it is easy to see that 8,; =0. Let
us take new coordinates x' = x,y' =y, t' =t, 7/ =
,y z)
Then in new coordinates we have E4 = 0,, E3 = g@t ow again
g = B(z2)g1(x, y, t). Using the new coordinates transformation
X' =xy =y t'=] gl(x7y7t)dt,z’ = z we can assume that
E, = 0, E3 = 3(2)0: and new coordinates are foliated.
Now we consider the case of QCH Kahler surfaces with the
opposite Hermitian structure which is not locally conformally
Kahler. Let us take foliated coordinates such that
01 = fdx, 6, = fdy and
E = f(? + kO, + 10, Ex = f(? + m0, + ndy, E4 = r0,, E3 = gok.
It is easy to see that 0;r = 0 hence r = r(x y,z). Let us change
coordinates by X' = x,y = y,z/ = [ r(Xyz)dz t' =t. Then in
new coordinates &« = «a(x,y,z) and Es = 0,, E3 = g(x,y,z, t)0;.
Let B(x,y, z) satisfies equation 0, In 3+ 0, Ina = A where




Special coordinates for generalized Calabi type Kahler surfaces.

A = A(x,y, z) satisfies 9,A = a. Hence a3 = e”. Note that
0zIng = 0,InB and hence g = Bgl(x y, t). Now changing
coordinates by X' = x,y' =y, 2/ =z, t' = f dt we obtain
new foliated coordinates in which E; = 0, E3 ﬁé Since

0, = fdx, 0> = fdy from our equations we get

a 18X+k82+/8t)+(%8ylna+maz In &) 3.

1
[?8X+kaz+/8t,az] — *E(f_

Hence 0.f = — 51, 0.k = Sk and f = e 2 h(x,y) and
k = e2ki(x,y,t). Analogously 9,m = §$m and
m= eéml(x,y, t). We also have

[lax + kO, + 10¢, O:] = —(36}, Ina + m0, In )0

7.
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It follows that d:k = %8}, Ina + mazl%. Consequently we obtain

1 BZI
@ Oy Ina + na

2(fﬁ B

o
aztk == Ekt )

On the other hand

azlna+ (azlna
m
8" 23 B

Note also that 0;k = %8}, Ino + mazé',rﬂ and

dem = %a Ina + kM_ Hence if m; = 0 then k; = 0 and
m= —z A0, Ina, k = ﬁ@x Incv. It easy to check that in
that case EjIna = E;Ina = 0 and consequently df = 0 which
means that the opposite structure is locally conformally Kahler.

Hence m; # 0, k; # 0. Hence since f, 3, a do not depend on-t and

aztk:( Oy Ina), + ma

)z-



Special coordinates for generalized Calabi type Kahler surfaces.

m is a nonconstant function depending on t we get (az'%)Z =0.
It follows that 8 = C(x,y)(In ), and thus since

97(In ) = =0, Ina + « we obtain o = aa/ and

o = %a2 + D(x,y). Now in the case D > 0 we get

a = 2atan(a(z + ¢(x,y))) where a = a(x, y) \/> Taking new

coordinates with z/ = z + ¢ we can assume that o = 2atan(az).
In the case D < 0 we get & = —2acoth(az). If D =0 in some

open subset of M we get o = —#(Xy) and changing the
coordinates by x' = x Y =y, 2 =z+ ¢(x,y),t' =t we can
assume that a = —=. It follows that

A
fﬁa y Ina = e2¢(x, y)

for some function c¢. We shall consider the case o = 2atan(az) .
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Then
ay, = 2ay,tanaz + 2aCos2 pLiZ
and (Ina), = (Ina), + z—2Z—. Note that 3 = 15— and we
get
Oy | 1
yh;a =a, (=7 25 sin2az + ﬂ) = c(x,y).

We obtain a, = 0. Similarly we show that a, = 0 and hence
a = const. The other case is similar. It follows that «, 3 are
functions of z only in the introduced coordinates and

o= —%,a = 2atan az,a = —2acoth az where a € R, a # 0.

Next we classify using our method Calabi type Kahler surfaces
already classified in [A-C-G]. Let a(z) be any smooth nonvanishing

function defined on an open subset V C R and A= [ o, Ba = e?.
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Theorem

Let U C R? be an open set and let g5 = h*(dx? + dy?) be a
Riemannian metric on U, where h : U — R is a positive function
h = h(x,y). Let ws = h?>dx A dy be a volume form of

Y =(U,gx). Let M= U x N, where N =V x R. Let us define
the metric g on M by

g(X,Y) =exp(—A)g= (X, Y) + 05(X)03(Y) + 02(X)04(Y), where
03 = 1(dt h(x,y)dx — na(x,y)dy), A= [ a,Ba = e* and
04 = dz and d(hdx + npdy) = wy. Then (/\/I g) admits a Kihler
structure J with the Kahler form Q = e Awy + 04 A 03 and a
Hermitian structure J with the Kahler form Q = e Awy + 03 A 0.
The Ricci tensor of (M, g) is J-invariant and J is not locally
conformally Kihler. The Lee form of (M, g,J) is @ = —afs. The
scalar curvature of (M, g) is

7 =o(— BN 502 4oy 4 B (82,
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Proof. We shall use equations (2.2). Let us take a coordinate
system such that 6, = fdx, 0, = fdy, a = a(z) and assume
Eiao = Ecae = 0. Then
Ey = 10y + 10¢, By = 0, + ndy, E3 = B0, Es = O,. Then
6, = fdx, 0> = fdy,04 = dz,03 = %(dt — Ifdx — nfdy). Then
Eslna = % and

Ellna :0,E2|na =0.
We have [Ey, E4] = 50, — 1,0y = — 295 — $10;. Hence
I, = 21, f, = —%f. This implies f = e 2 h(x,y). On the other
hand [E;, E3] = —3/:0: = 0 and

/t:O-

This yields
A
I=h(x,y)ez.
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Similarly [Ez, E3] = —gni0r =0
ny = 0

Since [Ez, E4] = —n,0: + %6}, = —5:0, — %an@t, we get
ny, = %om. Hence

(Sh

n=ni(x,y)ez.

Hence 03 = %(dt — h(x,y)dx — ny(x,y)dy and 64 = dz. Now we
prove that

diz; = —abi A Or+
/

(f% + Q)03 Ay = —aby A by

L
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if d(/ng + ngdy) = Wy.
In fact,
1
B
Bz
—abi N Oy + E93 A Oy

dfz = d(=(dt — h(x,y)dx — na(x,y)dy) =

after some easy computation if we assume that

d((hdx + nady) = ws = h%dx A dy.

Now we have df; A 6 = d(e~“h?dx A dy) =

—e Aadz A h2dx A dy = —adz ANO1 NOy = —abs N O1 A6y, From
(2.3) it is also clear that d(03 A 64) = d(03) A0y = —aby A\ Oz A Oy.
Hence dQ = 0, where Q(X, Y) = g(JX, Y), and

Q = 601 A0y — 03 A ;. Hence in view of Lemma F (M, g,J) is a
Kahler surface and the Lee form of (M, g, J) is § = —ab,.



Calabi type Kahler surfaces.

Now we show that 0 is a real holomorphic vector field. Note that
the opposite K3hler structure J sEtisfies J0, = B0, JO; =

—%az, J0, = a_y + fndy + %f/az, JO, = —0x — fl0; + %fn@z. It is
clear that (Ly,J) = 0. The field X = 0; + i%@z is a holomorphic
vector field. The form ¢ = 1(dt — i3dz) satisfies ¢(X) = 1 and
(0 — i%@z) = 0. If ¥ is a holomorphic (1,0) form such that
V(X) =1, then W —¢) = Omod{dx, dy}. If Q is a Kihler form of
Kahler manifold (M, J, g), then 552 = e‘AhQ%dx Ady A dz A dt.
We also have B

2(dx + idy) A (dx + idy) AW AW = 8dx A dy A dz A dt. Hence
the Ricci form of (M, g, J) is

p=—32ddIn(e ") — dd®Inh+ ddIn 3 =

1dd°A — d((In h)xdy — (In h)ydx) + d(565) =

—AIn h&01A 02+ (o'~ 3a2)01 Ao+ (5 —2(5)2+ 3/ — 52 )0 N O3,

Wiodzimierz Jelonek QCH Kahler surfaces and complex foliations on Kahler surfaces



Calabi type Kahler surfaces.

Consequently E;, Ey, E3, E4 are eigenfields of the Ricci tensor.
Since

1 3,

p=(—(Alnh)e? ﬁ_2a+
8"

0/)91/\92 ( Oz+§

—2(%) pa )04 A 03

, it follows that %7’ = —(A“;Iif)& — 202 +2a + %/ — 2(%/)2_
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Remark

It is easy to show that X = 9; is a Hamiltonian Killing vector field.
It has also special Kahler Ricci potential in the sense of
Derdziniski-Maschler. ([D-M-1], [D-M-2]). In fact

JX = —%E4 = —Vu where u is a potential of X so X = JVu and
uiz)=[ %dz. Now since Vg, Es = 0, Vg Ey = —(— % + a)E; it
follows that X, JX are eigenvector fields of the Hessian H".

The semi-symmetric Kahler surfaces are classified in [J-5]. Note
that we can take

kf = Hsin1(t + ¢(x,y)), mf = Hcos 1(t + ¢(x, y)) for a certain
function ¢ and changing coordinates

x'=x,y' =y, 72 =zt = t+ ¢(x,y) we can assume that

kf = H25in %t, fm = H cos %t. We also have in these coordinates

o= —Z.
z
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Theorem

Let U C R? and let gs = h?(dx? + dy?) be a Riemannian metric
on U, where h: U — R is a positive function h = h(x,y). Let

wy = h%dx A dy be a volume form of ¥ = (U, g). Let M = U x N,
where N = {(z,t) € R? : z < 0}. Let us define the metric g on M
by g(X,Y) = Z2gs (X, Y) + 03(X)03(Y) + 04(X)04(Y), where

3 = —3dt + (cos %tH(x,y) + zh(x, y))dx + (—sin %tH(x,y) +
zny(x, y))dy and 04 = dz — sin 3tH(x, y)dx — cos 3tH(x,y)dy and
the function H satisfies the equation
AlnH = (InH)x + (InH),, =2h% on U,
h = —(InH),,n = (In H).
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Theorem

Then (I\/I g) admits a Kahler structure J with the Kahler form

Q = 22wy —|— 04 N 03 and a Hermitian structure J with the Kahler
form Q = z%ws + 03 A 0. The Ricci tensor of (M, g) is J-invariant
and J is not locally conformally Kahler. The Lee form of (M, g,J)

is = —ably, where o = —2. The scalar curvature of (M, g) is
7= —% — 282 and is equal to conformal curvature x of

(M,g,J). (M,g,Q) is a semi-symmetric QCH Kahler surface.

Proof Let us take a coordinate system such that
Ey = 10y + kO, + 10y, E» = 20, + m0, + ndy, E3 = ady, E4 = 0.
Then 61 = fdx, 0, = fdy, 04 = dz — (fk)dx — (fm)dy, 03 =



The generalized Calabi type Kahler surfaces.

Ldt — (Lif)dx — (2nf)dy. Let = —2. Then E4lna = 2o and

k
Ellna:——,Eglna:—E.
z z
We have
[E1, Es) = B0y — k.0, — 1,0y = — 205 — $kO, — $19; — a'Z0;.
Hence k, = —%£,I, = -1 — 20 £, = L This implies

f=zh(x,y) k= M On the other hand
[El, E3] = —Oéktaz — Ck/tat + kazat = %82 and
k
lt = __72kt =m.
z
This yields
| — 2_m + Il(X’y)
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Similarly [E, E3] = ma, 0 — am:d; — angOy = *faz
2mt = —k, ny = —T
V4
Since
[E2, Ea] = fmzazfnzaﬁéa = —29,—1amd,—land;+aka,
we get m, = —2. Hence m = % and
2k
po 2k mxy)
V4 V4

Let us take kf = sin 3tH(x,y), mf = cos 3tH(x,y), where

f = zh(x,y) and 61 A 62 = z?h?dx A dy. Then

If = % cos %tH(x,y) +2h(x,y),nf = —% sin %tH(x,y) +2n(x,y).
Hence

1 1
03 = —Edt—i—(cos —tH(x,y)+zh(x,y))dx+(—sin =tH(x, y)+zna(x, y))dy
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and

1 1
04 = dz — sin EtH(x,y)dx — cos EtH(x,y)dy.
Now we prove that

dfs = —aby ANOy — ExInafy A6y

1
+EiInabs A B4 + §a93 N

and dby = ExInafy A O3 — ExInaba A O3 if
h = —(InH),,np = (In H)x, where AlnH = 2h2.
In fact,
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—afi NOy — Exinalfi A0y + ErInaby A O,

1
+§a93 AOy = —af?dx A dy
f 1 1
+ T dx A (dz — sin 5 tHds — cos > tHdy)
y4

kf 1 1 1 z
A — sin = tHdx — cos = tH Sa(-Z
. dy A (dz sin St dx cos 5t dy) + 204( 2dt—i—

1 1 1
(cos EtH + zh)dx + (—sin EtH + znp)dy) A (dz — sin EtHdX

1 212 1 1
— cos —tde) = ——dxNdy —— cos2 —tH2dx A dy
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V4

3

1 1
cos 5 tHdt A dy + cos 5 tHdx A dz+
1
zhdx A dz — cos® 5thﬂdx A dy
1 1
—2zl cos EtHdX A dy — sin Etde A dz + znpdy A dz+
1 1
sin? 5tH2dy N dx — znp sin = tHdy A dx) =
2f2 1 1.1
—dx Ady + =dt A dz — =sin =tHdt A dx
z 2 2 2
1 1 1
5 cos EtHdt Ady — hdx A dz + bk cos EtHdX A dy
1
—npdy A\ dz + npsin Etde A dx.
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On the other hand

1 1 1
1
cos EtHydy A dx + hdz A dx
1 1
+zbhy,dy A dx — 5 cos EtHdt A dy

1
—sin EtHXdX Ady + nodz A dy + znpidx A dy.

It is clear that 03 satisfies (2.3) if b = —(In H),, np = (In H), and
Aln H = 2h?, where Af = f + f,y, which means that
d(hdx + npdy) = 2wy .

Now
E2Ina91/\93—E1|na92/\93:—COS 2 i A (—Zdt — sin L tHdy +
zmdy) + S 2™ dy A (—Zdt + cos LtHdx + zhdx) = & cos 1 tHdx A
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dt — cos $tHnodx A dy — 3 sin $tHdy A dt + sin StHhdy A dx.

On the other hand

dfs = —3% cos LtHdt A dx — sin 3tH,dy A dx + 3 sin LtHdt A dy —
cos %tHde A dy.

It is clear that 6, satisfies (2.3) if b = —(In H),, np = (In H),.
Now we have df1 A 0 = d(z2h?dx A dy) = 2zdzh?dx A dy =

%dz N0y A Oy = —aby A0y NG From (2.3) it is also clear that
d(03 A 0) = —aby A Oy A B Hence dQ = 0, where
Q(X,Y)=g(JX,Y), and Q = 61 A 6 — 03 A 04. Hence in view of
Lemma (M, g, J) is a Kahler surface and the Lee form of (M, g, J)
is @ = —oa94.

Now we show that 9 is a real holomorphic vector field. Note that
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the opposite Kihler structure J satisfies

Jo, = ady, (27)
— 1
=29, 2
Jo, = ~=0 (28)
— 1
Jo = 0y + fmd; + fndr — afkd: + —fl0;, (29)
_ 1
10, = —0y — kdz — ldr — afmd: + —fnd; (30)

. It is clear that (Ly,J)0, = (L, J)0: = 0. We also have

(Ly,J)Ox = fm0, + fne0r — afk:Oy + éflﬁz = 0 and similarly

(Lo, J)dy = 0. Thus Ly, J =0 and X = 9, + i10, is a holomorphic
vector field such that (dt — iadz)(X) = 2. The form

¥ = 3(dt — iadz) satisfies ¢(X) =1 and ¢(0; — id,) = 0. If W
is a holomorphic (1,0) form such that W(X) =1, then
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U — 1) = O0mod{dx, dy}. If Q is a Kahler form of Kihler manifold
(M,J,g), then 107 = 22K2Ldx A dy A dz A dt. We also have
2(dx + idy) A (dx + idy) AW AW = Sdx A dy A dz A dt. Hence
the Ricci form of (M, g, J) is

22 L dxAdy AdzAdt 1
o _ 1 44c 2 1 44c 4 __
= fendyndende - — —2dd“Inh” —3ddInz" =

—dd®Inh —2ddInz = —dJdInh—2dJdInz =

—d((In h)xdy — (In h),dx) — 2d(—(In H),dx + In Hcdy) =

—Aln hdx A dy —2A(In H)dx A dy. Consequently Ej, Ep, E3, E4
are eigenfields of the Ricci tensor and Es, E4 corresponds to the
eigenvalue 0. Since

p=—(Alnh+4h)dx A dy = —BIEER 225245 Ay it follows
that 17 = —40h — 4.

Now we classify the remaining cases. First we assume

o =2atanaz,ac€ R,a#0.
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Theorem

Let U C R? and let gs = h?(dx? + dy?) be a Riemannian metric
on U, where h: U — R is a positive function h = h(x,y). Let

wy = h%dx A dy be a volume form of ¥ = (U, g). Let M = U x N,
where N = {(z,t) € R? : |z| < ﬁ} Let us define the metric g on
M by g(X,Y) = (cos az)?gs (X, Y) + 03(X)03(Y) + 04(X)04(Y),
where 03 = sin 2azdt — (cos 2at cos 2azH(x, y) +

sin2azh(x,y))dx — (— sin 2at cos 2azH(x, y) + sin 2azny(x, y))dy,
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Theorem

04 = dz — sin2atH(x, y)dx — cos2atH(x, y)dy

and the function H satisfies the equation

AlnH = (InH)x + (In H)yy = 2a’h?> — 4a’*H? on U,

h=— (In H)y.no = 5=(In H)x. Then (M,g) admits a Kahler
structure J with the Kahler form Q = (cos az)?ws + 04 A 63 and a
Hermitian structure J with the Kahler form

Q = (cos az)?wyx + 03 A 0. The Ricci tensor of (M, g) is
J-invariant and J is not locally conformally Kahler. The Lee form
of (M, g,J) is @ = —abs, where o = 2atan az.

Proof. Let us take a coordinate system such that
Ey = 10y + kO, + 10y, E» = 20, + mO, + nd;, E5 = %at, Es = 0,.
Then 61 = fdx, 0, = fdy, 04 = dz — (fk)dx — (fm)dy, 03 =
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Bdt — (BIf)dx — (Bnf)dy. Let « = 2atan az, 3 = sin2az. Then

2ak 2
Eilna= —2_ Elna= 21
sin 2az sin 2az
We have
[E1, E4] = — kz0z — I;0; = —570x — 5kO; — 510 + 25 2328,_».
Hence k, = a(tan az)k,l, = a(tan az)l — siifg’az, f, = —atan azf.
This implies
kl(X Y, t)
f= h k= —=>"--=
cos azh(x, y), o5 27

On the other hand
|Ev, B3] = =3 (kO + 1:0r) — k%50: = — 22420, and

" sin2az

Iy = —2ak cot2az, ky = 2am.
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This yields
/
| = mcot2az + M
cos az
Similarly (£, E3] = —m%0; — 5(m:d. + nedr) = — 32350z,
my; = —2ak, ny = —2amcot 2az.

Since [Ez, E4) = —m,0, — n, 0 + %(% =
—570y — %am@z - %om@t -

m (X7.y7t)
COos az

mat, we get m, = atanazm.

Hence m = and

mxy)

Cos az

= —kcot2az + ——==~

Let us take coordinates in which
kf = sin2atH(x, y), mf = cos2atH(x,y), where f = cos azh(x, y)
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and 61 A 0y = (cos az)?h?dx A dy. Then

If = cot2azcos2atH(x,y) + h(x,y),
nf = — cot 2azsin2atH(x,y) + na(x, y).

Hence

3 = sin 2azdt — (cos 2at cos 2azH(x, y) + sin 2azh(x, y))dx—
(—sin 2at cos 2azH(x, y) + sin 2azny(x, y))dy
and
04 = dz — sin2atH(x, y)dx — cos 2atH(x, y)dy.
Now we prove that
db3 = —abi AN — ExInaby A 04

+EiInaby ANOy+ (—Eslna+ )03 A O,
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and df; = E>Inafy A3 — EfInaby A O3 if
b =—2X(InH)y,m = £(InH),, where Aln H = —4a°H? + 2a°h°.
In fact,

—abf1 Nl — EsInabi A 04 + E1Inafs A 04+
(—Eslna+ a)f3 A0y =
2amf

sin2az

dy A (dz — sin 2atHdx — cos 2atHdy)

—2atan azf?dx A dy —

2akf

sin2az

2 2
- M (sin2azdt — cos 2az cos 2atHdx
sin2az

— sin2azhdx + sin 2at cos 2azHdy — sin 2azn,dy)

A(dz — sin 2atHdx — cos 2atHdy)

dx A (dz — sin 2atHdx — cos 2atHdy )+
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= —asin2azh’dx A dy+

cos® 2atH?dx A dy

sin2az
2asin2atH
22 Gin22atH2dy A dx + S22 G A
sin2az sin2az
2 2atH 2 2
2282 ix A dz — M(sin 2azdt N\ dz
sin2az sin2az

—sin2azsin 2atHdt A\ dx — sin2az cos 2atHdt A dy
— cos 2az cos 2atHdx A dz — sin 2azbhdx A dz
+ cos 2az cos® 2atH?dx A dy + sin 2azl, cos 2atHdx A dy+
cos 2az sin 2atHdy A dz
—sin2aznydy A dz — cos2az sin® 2atH2dy A dx
+ny sin2azsin 2atHdy A dx).
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On the other hand

do; =
2acos2azdz A dt + 2asin2az cos 2atHdz A dx+
2acos2azsin2atHdt A dx—
cos 2az cos 2atH, dy N dx — 2al, cos2azdz N dx — sin 2azh, dy N dx
+2acos 2az cos 2atHdt A dy — 2asin 2at sin 2azHdz N dy+
sin 2at cos 2azHydx N\ dy — 2acos2aznydz A dy
—sin2azny,dx A dy.

. - . . 1 1
It is clear that 03 satisfies (2.3) if b = —5;(In H),, n> = 5 (In H),
and Alln H = 2a%h% — 43’ H?, where Af = foot fyy.
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Now

Dacos2atH
Eylnafy A s — Eylnaby A B = 225290
sin2az

2asin2atH
A(sin 2azdt + sin 2at cos 2azHdy — sin 2aznydy) — %
sin2az

A(sin2azdt — cos 2az cos 2atHdx — sin 2azhdx)
= 2a(cos 2atHdx A dt — cos 2atHnydx A dy

dy

cos 2at sin 2at cos 2azH?

: dx A dy—
sin2az

sin 2at cos 2at cos 2azH?
sin 2atHdy A dt 4+ = 2T dy A dx + sin 2atHbdy A dx).
n Z

On the other hand

dfy = —2acos 2atHdt N dx — sin2atH, dy A dx + 2asin 2atHdt N\
dy — cos2atH,dx A dy.
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It is clear that 64 satisfies (2.3) if h = —2—13(In H)y,np = 2—13(|n H)x.
Now we have

df1 A O = d(cos az®h?dx A dy) = —2asin az cos azdzh?dx A dy =
—2atanazdz N 61 A Oy = —aby N\ 601 A Oy, From (2.3) it is also
clear that df5 A 04 = —abfa A 01 A B>, Hence dQ = 0, where
Q(X,Y)=g(JX,Y) and Q = 6; A0y — 03 A 6. Hence in view of
Lemma F (M, g, J) is a Kahler surface and the Lee form of

(M, g,J) is 8 = —ab,.

Now we show that D = span{Es, E4} is a conformal foliation.
Note that the opposite Kahler structure J satisfies

J0, = 10, J0; = —B0,, JO = O, + fmd, + fnd; — %fk@t +
ﬁf/@z,jﬁy = —0x — kO, — flOy — %fm@t + Bfnd,. Hence

(Lo, J)Ox, (Lo, J)Ox, (Lo, J)Dy, (Ls,J)D, € D, which means that
LeJ(D+) C D for ¢ € T(D). Thus foliation D is conformal and

since df~ =0, it follows from [J-3] that (M, g, J) is a QCH Kahler
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surface.
Next we consider the remaining case
o = —2acothaz,ae R,a#0.
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Theorem

Let U C R? and let gs = h?(dx? + dy?) be a Riemannian metric
on U, where h: U — R is a positive function h = h(x,y). Let

wy = h%dx A dy be a volume form of ¥ = (U, g). Let M = U x N,
where N = {(z,t) € R? : z < 0}. Let us define the metric g on M
by g(X,Y) = (sinh az)?gs (X, Y) + 03(X)83(Y) + 04(X)04(Y),
where

03 = sinh 2azdt — (— sin 2at cosh 2azH(x, y) + sinh 2azh(x, y))dx—
(cos2at cosh 2azH(x, y) + sinh 2azny(x, y))dy

and
04 = dz — cos2atH(x, y)dx — sin2atH(x, y)dy

and the function H satisfies the equation
AlnH = (InH) 4+ (In H),, = 22°h* 4+ 42°H? on U
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Theorem
Then (M, g) admits a Kahler structure J with the Kahler form

Q = (sinh az)?ws + 04 A 63

and a Hermitian structure J with the Kahler form

Q = (sinh az)?ws + 03 A 04. The Ricci tensor of (M, g) is
J-invariant and J is not locally conformally Kahler. The Lee form
of (M, g,J) is 0 = —abs, where « = —2acoth az.

Proof.Let us now take a coordinate system such that

Ey = 10y + kO, + 10y, E» = 20, + mO, + nd;, E5 = %at, Es = 0,.
Then 61 = fdx, 0, = fdy, 04 = dz — (fk)dx — (fm)dy, 03 =

Bdt — (BIf)dx — (Bnf)dy. Let & = —2acoth az, 8 = sinh 2az.
Then
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2ak 2am
E: | S —— =—— .
rina sinh2az’ 2 ¢ sinh2az
We have
[Ela E4] = %6X - kzaz - lzat = _%6X - %kaz B %lat o sin2ha2n;azat'
Hence

k, = —acoth azk, |, = —acoth az/ + Sinii";az, f, = acoth azf. This

implies f = sinh azh(x,y), k = falay:t) O the other hand

sinh az

|Ev, B3] = — 5 (ke + 1:0r) — k550, = 522520, and

sinh 2az

Iy = —2ak coth2az, ky = —2am.

This yields

h(x,y)

| = —mcoth2az +

alalp=
Wiodzimierz Jelonek QCH Kahler surfaces and complex foliations on Kahler surfaces



The generalized Calabi type Kahler surfaces.

Similarly [Ey, B3] = =m0 — $(me0; + nedy) = —53555:0:
m; = 2ak, n; = —2amcoth 2az.
Since
B f,
[E27 E4] - _mzaz - nzat + f2a
o 1 1
*ﬂay — Eam(?z — EanBt
2ak
sinh?2az
, We get m, = —acoth azm. Hence m = % and
(X y)

n = k coth 2az+
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Let us take kf = cos2atH(x,y), mf = sin2atH(x, y), where
f = sinh azh(x, y) and 01 A 0, = (sinh az)?h%dx A dy. Then

If 3 = —sin2at cosh 2azH + sinh 2azh(x, y),
nf 3 = cosh 2az cos 2atH(x, y) + sinh 2azny(x, y).

Hence

03 =
sinh 2azdt — (— sin 2at cosh 2azH(x, y) + sinh 2azh(x, y))dx—
(cos 2at cosh 2azH(x, y) + sinh 2azna(x, y))dy

and

04 = dz — cos2atH(x, y)dx — sin 2atH(x;y)dy.
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Now we prove that

dbs =
—afi NOy — ExInali N\ Oy
+EiInaby ANOy+ (—Eslna+ a)f3 A Oy

and dfy = E>Inafy A O3 — ErInabr A O3 if
b = 3(InH),,n = —2=(In H),, where Aln H-= (4a’H? + 2a’h?).
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In fact,

—af; Ny — Exlnab; ANOy+ Erlnaby ANOy+ (—Eslna+ a)f3 A Oy =

2amf 2akf
O dx A (dz — sin 2atHdy) — ——
sinh 2az

2acoth azf2dx A dy +

d
sinh 2az y

2 h2
A(dz — cos 2atHdx) — £acosn 2az

il 2as (sinh 2azdt+

cosh 2az sin 2atHdx — sinh 2azldx — cos 2at cosh 2azHdy — sinh 2azny)dy
A(dz — cos 2atHdx — sin 2atHdy) = asinh 2azhdx A dy—

2 2
22 §in22atH2dx A dy + ——o cos? 2atH?dy A dx
1 d nn

J
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2acos2atH

sinh 2az
2acosh 2az

2asin 2atH
dy/\ dz + de/\dz—

inh 2
<inh 75z (sinh 2azdt A dz

—sinh 2az cos 2atHdt N dx — sinh 2az sin 2atHdt A dy
+ cosh 2az sin 2atHdx A dz — sinh 2azbhdx A dz

— cosh 2az sin® 2atH?dx A dy+
sinh 2azl, sin 2atHdx A dy — cosh z cos 2atHdy A dz

— sinh 2aznpdy A dz + cosh 2az cos? 2atH?dy A dx
+ny sinh 2az cos 2atHdy A dx).
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On the other hand

dos
= 2acosh 2azdz A dt + 2asinh 2az sin 2atHdz N dx+
2a cosh 2az cos 2atHdt A dx + cosh 2az sin 2atH, dy A dx
—2al cosh 2azdz N dx — sinh 2azh, dy N dx + 2acosh 2az sin 2atHdt N dy
—2acos 2at sinh 2azHdz N\ dy — cos 2at cosh 2azH,dx A dy
—2acosh2aznydz A\ dy — sinh 2azny, dx A dy.

. - . 1 . 1
It is clear that 63 satisfies (2.3) if b = 5 (In H),, o = —5(In H),
and Aln H = 2a%h% + 4a°H?, where Af = foo+ fyy.
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Now

Exlnafi A3 — Eylnaby A O3 =

in2atH
—ZaSI_niadx A (sinh 2azdt — cos 2at cosh 2azHdy — sinh 2azn,dy)
sinh 2az

2acos2atH

_ dy A (sinh 2azdt + cosh 2az sin 2atHdx
sinh 2az

—sinh 2azhdx)
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= 2a(—sin 2atHdx A dt + sin 2atHnadx A dy

cos 2at sin 2at cosh zH?

sinh2az dx A dy
in 2at cos 2at cosh 2azH?
+ cos 2atHdy A dt 4 SN23tCOS LAt CON Az
sinh2az

— cos2atHhdy A dx) = —2asin 2atHdx A dt
+2asin2atHnydx A dy + 2acos 2atHdy A dt
—2acos 2atHhdy A dx.

On the other hand

dfly = 2asin2atHdt A dx — cos 2atH, dy A dx — 2acos 2atHdt N\
dy —sin2atHydx A dy.

It is clear that 64 satisfies (2.3) if b = 5 (In H),, np = —2—13(|n H)x.
Now we have

d1 A 9y = d((sinh az)?h?dx A dy) = 2asinh az cosh azh?dz A dx A
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dy = —(—2acoth az)dz A 01 A Oy = —alfs A 61 A Oy From (2.3) it
is also clear that df3 A 04 = —afs A O1 A 0. Hence dQ = 0, where
Q(X,Y)=g(JX,Y) and Q = 6; A — 03 A 4. Hence in view of
Lemma H (M, g, J) is a Kihler surface and the Lee form of

(M,g,J) is § = —af,. As above one can show that (M, g, J) is a

QCH Kahler surface.

Note that the generalized Calabi type Kahler surfaces which are
not of Calabi type are fibered bundles over ¥ and the fibers which
are leafs of the foliation D have constant sectional curvature : 0 in
the semi-symmetric case, positive 4a° if & = 2atan az, negative
—4a? if « = —2acoth az.
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