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» Gravitational instantons: Complete Einstein (or more)
Riemannian 4-manifolds. We will consider:

Taub-Bolt TB | Ricci-flat | Non-compact
Euclidean Schwarzschild | ES Ricci-flat | Non-compact
Taub-NUT TN | Hyperkdhler | Non-compact

» Harmonic spinors: Solutions of the (massless) Dirac equation

Dy =0, D=+"V,,
mA@Z) =0, mA = ’Y”(vu + Au)-

» We will construct all the L? harmonic spinors on TN, TB, ES.
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ALF gravitational instantons

Taub-NUT (TN), Taub-Bolt (TB), Euclidean Schwarzschild (ES).

>

>
>
>
>

Complete, Ricci-flat, non-compact, infinite volume.
Topology: TN: C2; ES: R? x S2; TB: CP?\ {p}.
Rotationally symmetric (SU(2) or SO(3) isometry group).
Additional isometric circle action.

Asymptotically circle bundles over Euclidean R3 with fibres of
finite length (ALF).

TN, TB twisted (Hopf fibration); ES trivial (52 x S1).

Fixed point set of the U(1) action (nuts and bolts) topology:
TN: NUT (single point); TB, ES: bolt (2-sphere).
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ALF gravitational instantons (2)

» Metric of bi-axial Bianchi IX type (TN, TB):
g = f2(r)dr® + a(r)(E + n3) + 2(r)yi3, TN, TB,
g = A(Ndr’ + 2°(r)(n} + 1) + *(r)dy?, ES,

n; left-invariant 1-forms on SU(2), n? + n3 = gs2, ¥ € [0, 27).

» TB has the asymptotic topology of TN (twisted circle
fibration) and the fixed point set structure of ES (bolt).
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A problem and its solution

> TB is not spin.
» TN and ES are spin but by Lichnerowicz's identity

(Bo, D) = (Y, Vo) + 2|y

they admit no non-trivial L2 harmonic spinors.

» Solution: twist the Dirac operator by an Abelian connection A
(introduce a Spin® structure).

> It is natural to require the curvature F = d.A to be an [?
harmonic 2-form.
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Harmonic cohomology

» By results of Hausel, Hunsicker and Mazzeo
LPH2(M) = H*(Xy),  L*HP(M) =0if p # 2,

where M € {TN, TB, ES} and Xy = MU X, is the compact
manifold obtained by collapsing the fibres of the asymptotic
fibration which has base Y. In all three cases ¥, = S2.

» Smooth simply connected 4-manifolds are classified up to
homeomorphism by their intersection form. Therefore:

M Xy dim(H?(Xu))
TN CP? 1
ES | CP! x CP! 2
TB | CP2#CP? 2
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Harmonic cohomology (2)

> In all 3 cases L2H? is generated by {d¢’, xd¢&°}, ¢ the Killing
vector field generating the U(1) isometry. For TN d&” = %d¢’.

» However it is more convenient to take harmonic
representatives of the Poincaré duals (in the compactification)
of X, and, for ES and TB, of the bolt. For p,q € Z we have

Fin = —71(2g + 1)Fx, self-dual (SD),
Fes = =271 [q Foo + P Foolt] ; SDif p=gq,
Frg=—m [(2q + 1)Foo — (2p + ]-)Fbolt] , SDifg=3p+1.
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L? Harmonic spinors — TB

> We are looking for normalisable solutions of the equation

|
o= (5, B (1), waor

Ta = ¢1(r,0r)1 + ¢2(r)P_4, with P 4 the twisted Dirac
operator on the squashed 3-sphere (TN, TB). L? solutions
have either W = 0 or ® = 0. Let us focus on & = 0.

» Reduce to an ODE by taking W = h(r)v, v eigenvector of P 4.

> Eigenvectors of P4 leading to L? solutions have the form
(|.j7ja m2>a O)T or (07 ‘./a —J m2>)T with
lj, m, mo) :=|j,m) ® |j, mp) € V; ® V; with V; the sl(2,C)
irreducible representation of dimension 2j + 1.
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L2 Harmonic spinors — TB (2)

Using coordinates in which the metric has the form

gre = Vdr? + (P = N*)(n3 + n3) + 4N>V 103,

r?2 — N2
V= N
(= 2N)(r = Nj2)’ >0, re€[2N,),

the solution of the ODE corresponding to m; = +j is

he S (@t1F(atl)) g

N
(r —2M)~0F3%3(P2)) (r — y2)~(3+33(p42),
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L2 Harmonic spinors — TB focused (3)

» The m; = +j TB solution is L? if

1 1 1 1
)y <2it1< )
i<p+2>+2_2j+1_i<q+2> 3

Recall that F = —7[(29 + 1)Fo — (2p + 1) Frolt)-

» |j,£j, my) has multiplicity 2j +1as my € {—j,—j +2,...,/},
so the number of L2 harmonic spinors is, as Ker(TTA) =0,

index(P 4) = dim (Ker(T 4))

2 2

)

‘q(q+ 1) plp+1)

in agreement with what found using the APS index theorem.
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L? Harmonic spinors — TN and ES

For both L2 harmonic spinors (W, ®) 7 have either ® = 0 or W = 0.
» TN is completely analogous. W = k(r)(|j,/, m2),0)7 or
k(r)(0,|j, —j, m2))". The ODE for k is different; the allowed
values of j for my = +jare 1 <2j+1<+(q+1/2)—1/2.
» ES needs a slightly different treatment since the SO(3) orbits
are 2-dimensional. L2 harmonic spinors have the form

v = hi(r)eii(”+1/2)wvi, neZ, 0<n<+qg-—1,

where v is a zero mode of the Dirac operator on 52 twisted
by the line bundle with first Chern number p. vi belongs to
the s[(2,C) irrep of dimension |p|. Upper (lower) sign for
p>1(p<-1).
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Harmonic spinors and topology

L2H? is related to the structure of the U(1) action fixed point set
S. Its dimension is equal to the number of bolts.

L? harmonic spinors belong to s[(2,C) irreps. The allowed
dimension 2j + 1 of the irrep is related to the value of A over S:
Let w = 73 be the connection on the U(1) bundle over 52 with
first Chern number 1. Then (m; = +j)

M | Alaubole | Also range of j index

TB (p—i-%)w (q—l—%)w g,...,% %\q(ci—l—l)—p(p—l—l)\
™ 0 (g+3)w 0,.... Hq(g+1)|

ES pw pw j=5 lpq|

In all cases the result agrees with the APS index theorem.
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Thank you very much for your attention!
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