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CONFERENCE PROGRAM 

Thursday, September 19th, 2024 

*** 
13:00 – 16:00 Lunch 

*** 

Plenary lectures   

Chairman: Maria Nowak 
17:00 – 17:40 Feliks Przytycki: Geometric pressure and periodic orbits for complex quadratic 

polynomials 

17:50 – 18:30 Walter Bergweiler: André Bloch's “Principle of Topological Continuity” 

*** 
20:00 – 00:00 Welcome dinner 

*** 

============================================= 

Friday, September 20th, 2024 

Plenary lectures  

Chairman: Feliks Przytycki 
09:00 – 09:40 Maria Nowak: De Branges-Rovnyak spaces generated by nonextreme functions 

09:50 – 10:30 Jouni Rättyä: Tent spaces and maximal theorems 

Chairman: Walter Bergweiler 
10:40 – 11:20 Dariusz Partyka: Geometric properties of harmonic mappings in the unit disc and 

normalized on the boundary 

11:30 – 12:10 Anbhu Swaminathan: Ratio of hypergeometric functions in Geometric Function 
Theory 

Chairman: Anbhu Swaminathan  
12:20 – 13:00 Sanjeev Singh: Starlikeness of regular Coulomb wave functions 

*** 
13:00 – 14:00 Lunch 

*** 
  



Section I – Complex analysis 

Chairman: Sanjeev Singh 
14:00 – 14:25 Adel Khalfallah: Norm estimates of the first partial derivatives of generalized 

harmonic functions 

14:30 – 14:55 Navneet Lal Sharma: Estimates logarithmic coefficient inequalities for certain 
families of analytic functions 

15:00 – 15:25 Kapil Jaglan: Area-minimizing minimal graphs over linearly accessible domains 

Section II – Functional analysis  
(organizers: Leszek Olszowy, Rafał Nalepa) 

Chairman: Tomasz Zając  
15:35 – 16:00 Leszek Olszowy: Nieskończone układy nieliniowych równań całkowych 

16:05 – 16:30 Agnieszka Dubiel: Rozwiązania równań całkowych Volterry–Stieltjesa w klasie 
funkcji zbieżnych w nieskończoności 

16:35 – 17:00 Szymon Dudek: O pewnych przykładach i kontrprzykładach w teorii miar 
niezwartości 

Chairman: Leszek Olszowy 
17:05 – 17:30 Tomasz Zając: Wokół twierdzeń Darbo i Sadowskiego w przypadku przestrzeni Banacha 

17:35 – 18:00 Justyna Madej: Zastosowanie miar niezwartości do badania rozwiązań 
nieskończonych układów równań całkowych na przedziale nieograniczonym 

18:05 – 18:30 Rafał Nalepa: Warunki zwartościowe w przestrzeniach funkcji o przyrostach 
utemperowanych modułem ciągłości 

Chairman: Szymon Głąb 

18:35 – 19:00 Jacek Marchwicki: Achievement sets of complex series  

Section III – Didactics of mathematics 
(organizers: Renata Długosz and Stanisław Domoradzki) 

Chairman: Renata Długosz 

14:30 –14:55 Ulyana Yarka: Efektywne strategie dydaktyczne prowadzenia zajęć z matematyki dla 
studentów z zaburzeniem uczenia się 

15:05– 15:30 Karolina Mroczyńska: Znaczenie i poziom nauczania statystyki matematycznej 
polskiej młodzieży w wieku 15-21 lat 

15:40 – 16:05 Anna Szpila: Kilka refleksji o wykorzystywaniu testów w nauczaniu matematyki na 
studiach inżynierskich w Uniwersytecie Rzeszowskim 

Chairman: Anna Szpila 
16:15 – 16:40 Renata Długosz, Monika Lindner: Różnice między pokoleniami studentów 

Politechniki Łódzkiej 

16:50 – 17:15 Renata Jurasińska: Aktywizacja studentów kierunku: Matematyka, specjalność: 
Nauczanie matematyki na warsztatach z przedmiotu: Geometria szkolna 

17:25 – 17:50 Jacek Rogowski: On certain methods of finding finite sums from the lecturer's point 
of view 

*** 
20:00 – 00:00 Banquet 

*** 



Saturday, September 21st, 2024 

Plenary lectures  

Chairman: Jouni Rättyä 
09:00 – 09:40 Mark Elin: One family of analytic functions and the Gauß hypergeometric function 

09:50 – 10:30 See Keong Lee: Logarithmic coefficients of analytic functions 

Chairman: See Keong Lee 

10:40 – 11:20 Aleksander Denisiuk: Reconstruction in the cone-beam vector tomography with two 
sources 

11:30 – 12:10 Matthias Keller: On Landis conjecture for Schrödinger operators on graphs 

Chairman: Piotr Artiemjew 

12:20 – 13:00 Krzysztof Pancerz: Semantically-marked Petri net models of processes 

*** 
13:00 – 14:00 Lunch 

*** 

Section IV – Computer science 
(organizers: Piotr Artiemjew) 

Chairman: Krzysztof Pancerz 
14:00 – 14:25 Marek Kruk: Does SHAP-NET, the network of Shapley values, improve the 

explainability of machine learning models? 

14:30 – 14:55 Krzysztof Ropiak, Paweł Drozda: System rekomendacji na bazie rekurencyjnej sieci 
neuronowej oraz collaborative filtering w usługach subskrypcyjnych 

15:00 – 15:25 Paweł Drozda, Krzysztof Ropiak: Deep neural network classifier for images of 
recruitment advertisement expressed in declarative code 

15:30 – 15:55 Viktoriia Onyshchenko:  Gamification in Education of IT-Students 

Section V – Applied mathematics 

Chairman: Mark Elin 
16:05 – 16:30 Alicja Wolny-Dominiak: An application of two-stage regression for quantile 

premium estimation in automobile insurance  

16:35 – 17:00 Michail Todorov, Meglena Lazarova: On a method for solving of nonlinear 
equations of mathematical physics in multidimension  

17:05 – 17:30 Meglena Lazarova: Double Laplace transform applied to a non-ruin probability 
equation of third order arisen from insurance risk theory 

Section VI – Complex analysis  

Chairman: Matthias Keller 
17:35 – 18:15 Anna Muranova: Spectrum of a normalized complex laplacian on finite electrical 

networks 

18:20 – 18:45 Ewa Ciechanowicz: Value distribution of solutions of certain ODEs 

  



 

Chairman: Piotr Liczberski 
18:50 – 19:15 Liudmyla Vyhivska: The estimates of the inner radii of symmetric non-overlapping 

domains 

19:20 – 19:45 Paweł Zaprawa: O współczynnikach funkcji odwrotnych do funkcji wypukłych 

Section VII – History of mathematics 

(organizers: Renata Długosz and Stanisław Domoradzki) 

Chairman: Stanisław Domoradzki 

14:30 – 15:10 Izabela Jóźwik, Małgorzata Terepeta: 100th anniversary of Banach-Tarski Paradox  

15:20 – 15:45 Jan Koroński: O egzaminach nauczycielskich dla kandydatów na nauczycieli 
matematyki i fizyki w gimnazjach i szkołach realnych na przykładzie Stanisława 
Kępińskiego i Kamila Krafta - nauczyciela Stefana Banacha 

15:55 – 16:20 Paweł Perekietka: The Stodółkiewicz Arithmoscope. A teaching aid for narrative 
teaching of arithmetic 

Chairman: Jan Koroński 

16:30 – 17:10 Stanisław Domoradzki: Rola Komisji Historii Matematyki przy ZG PTM 
w kształtowaniu środowiska historyków matematyki w Polsce  

17:20– 17:45 Iryna Banakh, Olena Hryniv: Dr. Ada Halpern, an indomitable female 
mathematician from Lwów 

17:55 – 18:20 Olena Hryniv, Iryna Mahdych:  Wawrzyniec Żmurko (1824 – 1889) 

 

*** 
20:00 – 00:00 Barbecue 

*** 
============================================= 

Sunday, September 22nd, 2024 

Plenary lectures 

Chairman: Michail Todorov 
09:00 – 09:40 Sławomir Dinew: The distance function - old and new 

09:50 – 10:30 Renata Długosz, Piotr Liczberski: Hankel determinants problem for Bavrinís 
holomorphic functions in 𝐶𝑛 

Chairman: Sławomir Dinew 
10:40 – 11:20 Ivan Matychyn, Viktoriia Onyshchenko: Fractional-Order Systems  

11:30 – 12:10 Szymon Głąb: The set of upper frequently hypercyclic points need not be 𝐺𝛿 

12:20 – 12:45 Poster session  

*** 
13:00 – 14:00 Lunch 

*** 
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Iryna BANAKH1, Olena HRYNIV2

1Institute for Applied Problems of Mechanics and Mathematics, NAS of Ukraine (Lviv, Ukraine)
2Ivan Franko National University of Lviv (Lviv, Ukraine)

Dr. Ada Halpern, an indomitable female mathematician from Lwów

Ada Halpern was one of the few female mathematicians, members of the Lwów branch of the
Polish Mathematical Society. In 1939, her life and science prospects were interrupted by war and
occupation. Despite everything, she managed to survive, overcome and contribute to science. We
will present biographical information about Ada and discuss her scienti�c path and professional
activity.

Walter BERGWEILER

Christian�Albrechts�Universität zu Kiel (Kiel, Germany)

André Bloch's �Principle of Topological Continuity�.

About one hundred years ago, André Bloch wrote a paper consisting mainly of heuristic
speculations based on two philosophical principles. One of them, which he called the principle
of topological continuity, says that certain true statements remain true if one modi�es the data
from a metric point of view, but not from the topological point of view. Based on this principle
he anticipated certain results which were later con�rmed by Ahlfors using his theory of covering
surfaces.

We give a discussion of Bloch's principle of topological continuity and prove a result predicted
by Bloch on the basis of this principle.

The results are joint work with Alexandre Eremenko.

Ewa CIECHANOWICZ

University of Szczecin (Szczecin, Poland)

Value distribution of solutions of certain ODEs

Among main Painlevé equations P1 − P6, equations P1, P2, P4, are particularly interesting
from the value distribution theory point of view, as all their local solutions can be extended to
functions meromorphic in C. Distribution of values of solutions of P1, P2 and P4 is already well
described. (see, for instance, relevant papers by H. Schubart and H. Wittich, S. Shimomura,
A. Hinkkanen and I. Laine or N. Steinmetz). The talk will concentrate on Painlevé equations
S1, S2 and S4, which belong to a group of so-called σ-equations [3]. This term refers to equations
satis�ed by the Hamiltonians of the main Painlevé equations. Similarly as in case of P1, P2

and P4, all solutions of their σ-counterparts are also meromorphic in the whole complex plane.
Therefore, it is possible to estimate their growth in terms of order, describe the sets of de�cient
values, asymptotic values, as well as the sets of de�cient and asymptotic functions.

References

[1] E. Ciechanowicz, Painlevé σ-equations S1, S2, S4 and their value distribution, Filomat 34:6 (2020), 1959�1973.
[2] E. Ciechanowicz, A note on value distribution of solutions of certain second order ODEs, Contemporary

Mathematics 782 (2023), pp. 21�35.
[3] K. Okamoto, Polynomial Hamiltonians associated with Painlevé equations. I, Proc. Japan Acad. 56(A) (1980),

264�268.
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Aleksander DENISIUK

University of Warmia and Mazury in Olsztyn (Olsztyn, Poland)

Reconstruction in the cone-beam vector tomography with two sources

Consider the problem of reconstruction of vector �eld from its X-ray transform, known for a
family of rays, coming out from two given curves in R3. A new exact inversion formula and a
�ltered backprojection reconstruction algorithm will be presented.

Sªawomir DINEW

Jagiellonian University (Kraków, Poland)

The distance function - old and new

The distance function is a classical object of study in geometric analysis. This said it is still
an active object of research. In my talk I intend to describe some of its features and then discuss
an application of the distance function in complex analysis of several variables.

Renata D�UGOSZ, Piotr LICZBERSKI

Lodz University of Technology (�ód¹, Poland)

Hankel determinants problem for Bavrin's holomorphic functions in Cn

The aim of the lecture, is presentation certain generalization of the problem of Hankel determi-
nant, introduced in [4] for the class S of univalent function of one variable and the Fekete-Szegö
problem in a Bavrin familyH(G,C) [1] of functions f : G → C holomorphic on bounded complete
n-circular domains G ⊂ C [2]. More speci�cally, we will give the optimal upper bound for the
functional

µG
(
Qf,1Qf,3 − (Qf,2)

2
)
,

where Qf,1, Qf,2, Qf,3 are the initial terms of the expansion into a series of homogeneous poly-
nomials of a holomorphic function f ∈ H(G,C). Here µG(Qm) denotes the Minkowski balance
of homogeneous polynomials Qm : Cn → C (see [3]). Note that µG(Qm) generalizes the norm
∥Qm∥. We will also give some application of the above result to solve certain extreme problem
for biholomorphic starlike mappings F : Bn → Cn, where Bn denotes the open unit Euclidean
ball in the space Cn.

References

[1] I. I. Bavrin, Classes of regular functions in the case of several complex variables and extreme problems in that
classes, Moskov Obl. Ped. Inst., Moscov (1976), 1�99 (in Russian).

[2] R. Dªugosz, P. Liczberski, Some results of Fekete�Szegö type for Bavrin's families of holomorphic functions in
Cn, Ann. Mat. Pura Appl. 200 (2021), 1841�1857.

[3] E. Le±-Bomba, P. Liczberski, New properties of some families of holomorphic functions of several complex
variables, Demonstr. Math. 42 (2009), 491�503.

[4] Ch. Pommerenke, On the coe�cents and Hankel determinant of univalent functions, J. Lond. Math. Soc. 41
(1966), 111�122.



15

Renata D�UGOSZ, Monika LINDNER

Centrum Nauczania Matematyki i Fizyki Politechniki �ódzkiej (�ód¹, Poland)

Ró»nice mi¦dzy pokoleniami studentów Politechniki �ódzkiej

Pro�l studenta zmienia si¦ wraz z upªywem czasu, a ka»dy nowy rocznik wnosi na uczelnie
swoje unikalne cechy i oczekiwania. Ró»nice mi¦dzy pokoleniami studentów s¡ widoczne na wielu
pªaszczyznach, od stylu uczenia si¦ po motywacje i warto±ci. Podczas prezentacji powiemy o
ró»nicach wspóªczesnych studentów Politechniki �ódzkiej od ich poprzedników oraz jak te ró»nice
wpªywaj¡ na ksztaªcenie studentów. Powiemy o wyzwaniach jakie stoj¡ przed wspóªczesnymi
studentami.

Stanisªaw DOMORADZKI

Institute of History, University of Rzeszów (Rzeszów, Poland)

Rola Komisji Historii Matematyki przy ZG PTM w ksztaªtowaniu
±rodowiska historyków matematyki w Polsce

The role of the Committee on the History of Mathematics
at the Main Board of PMS in shaping the community

of historians of mathematics in Poland

Komisja Historii Matematyki przy Zarz¡dzie Gªównym PTM zostaªa powoªana w 1977 r.
i funkcjonowaªa do roku 2011. Jej dziaªalno±¢ jest niesªychanie istotna dla uformowania si¦
profesjonalnego ±rodowiska historyków matematyki w Polsce. Komisj¡ kierowali: dr Zo�a Pawli-
kowska-Bro»ek (1941-2023) w latach 1997-2000, za± od r. 2000. do czasu jej zawieszenia w 2011 r.
dr Witold Wi¦sªaw (1944-2023). W referacie zostan¡ przypomniane wybrane fakty z dziaªalno±ci
Komisji i ich znaczenie dla rozwoju historii matematyki Polsce.

Wybrane referencje:

Literatura

[1] S. Domoradzki, Dziaªalno±¢ Komisji Historii Matematyki przy Zarz¡dzie Gªównym Polskiego Towarzystwa
Matematycznego w latach 1977�2000, Studia Historiae Scientiarum 22 (2023), 509�540.
https://doi.org/10.4467/2543702XSHS

[2] S. Domoradzki, Z. Pawlikowska-Bro»ek (1941�2023). Wspomnienie, Antiq. Math. 17 (2023), 53�67. Doi:
10.14708/am.v17i1.7055

[3] L. Maligranda, XXXIV Konferencja z Historii Matematyki, B¦dlewo 2023, Antiq. Math. 17 (2023), 249�255.
Doi.: 10.14708/am.v17i1.7237
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Paweª DROZDA1, Krzysztof ROPIAK1, Maciej OSOWSKI2,
Aleksandra KRASNOD�BSKA2, Arkadiusz NOWACKI2, Arkadiusz TALUN2

1University of Warmia and Mazury in Olsztyn (Olsztyn, Poland)
2Emplocity S.A. (Warsaw, Poland)

Deep neural network classi�er for images of recruitment advertisement
expressed in declarative code

We present an innovative approach to classifying recruitment advertisement images using deep
neural networks and declarative code. Our system combines a hybrid discriminator consisting of
a declarative code validator and a deep neural network for image classi�cation. We utilize the
AWD-LSTM architecture for processing declarative code and a multimodal neural network for
generating semantic image descriptions. The system achieves an F1 score of 0.72 with a training
time under 24 hours. We also present challenges related to generating and classifying advertising
images and our solutions, including the use of generative networks and data balancing techniques.

Project:
This presentation concerns the promotion of the results of the project No POIR.01.01.01-00-

0912/18-00, �Development of an automated system using arti�cial intelligence for multi-channel
recruitment advertising and Real-Time-Bidding operations using recurrent neural networks and
Generative Adversarial Networks�, co-�nanced by the European Union.

Agnieszka DUBIEL

Politechnika Rzeszowska (Rzeszów, Poland)

Rozwi¡zania równa« caªkowych Volterry�Stieltjesa
w klasie funkcji zbie»nych w niesko«czono±ci

Celem wyst¡pienia jest przedstawienie wyników dotycz¡cych rozwi¡zywalno±ci nieliniowych
równa« caªkowych typu Volterry-Stieltjesa w przestrzeni funkcji ci¡gªych i ograniczonych na
póªosi rzeczywistej.

W trakcie wyst¡pienia zostanie przeprowadzona dyskusja rozwi¡zalno±ci dwóch typów równa«
caªkowych.

(1) Równania caªkowego typu Volterry-Stieltjesa w funkcyjnej przestrzeni Banacha BC(R+)
zªo»onej z funkcji rzeczywistych, okre±lonych, ci¡gªych i ograniczonych na póªosi R+ :=
[0,+∞) i unormowanych norm¡ supremum tj. równania postaci

x(t) = a(t) +

∫ t

0
f (t, s, x(s)) dsg(t, s),

gdzie t ∈ R+, g(t, s) = g : ∆ → R oraz ∆ := {(t, s) ∈ R+ ×R : 0 ⩽ s ⩽ t}.
(2) Kwadratowego równania caªkowego typu Volterry-Stieltjesa w funkcyjnej przestrzeni Ba-

nacha BC(R+) b¦d¡cego uogólnieniem równania (1) postaci

x(t) = a(t) + u (t, x(t))

∫ t

0
f (t, s, x(s)) dsg(t, s),

gdzie t ∈ R+, g(t, s) = g : ∆ → R.
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Szymon DUDEK

Politechnika Rzeszowska (Rzeszów, Poland)

O pewnych przykªadach i kontrprzykªadach w teorii miar niezwarto±ci

Podczas referatu przedstawione zostan¡ pewne przykªady miar niezwarto±ci oraz funkcji, które
nimi nie s¡, cho¢ mogªoby si¦ wydawa¢, i» jest inaczej. Referat b¦dzie miaª charakter przegl¡-
dowy. Jego celem b¦dzie usystematyzowanie i zebranie w caªo±¢ zagadnienia, które w litera-
turze wyst¦puje w sposób rozproszony i sporadyczny lub w ogóle jest pomijane. Wspomnimy
tak»e o bª¦dach wyst¦puj¡cych w literaturze. Porusza¢ b¦dziemy si¦ w wybranych funkcyjnych
przestrzeniach Banacha i Frécheta.

Jacek DZIOK

University of Rzeszów (Rzeszów, Poland)

Generalizations of starlike functions

Generalizations of convex and starlike functions are an essential part of the Geometric Theory
of Analytic Functions. The ideas related to subordination, convolution, special functions, linear
operators, correlated coe�cients, extreme points play important role in this subject. The main
object of the talk is to use these tools to generalize and study starlike functions on the space of
meromorphic harmonic functions.

Mark ELIN

Braude College of Engineering (Karmiel, Israel)

One family of analytic functions and the Gauÿ hypergeometric function

The main object of this talk is the two-parameter family of the classes At
s, s ≥ 0, t ∈ [0, 1],

consisting of functions that are holomorphic in the open unit disk D, normalized by f(0) =
f ′(0)− 1 = 0 and satisfy the inequality

Re

[
(s− 1)

f(z)

z
+ f ′(z)

]
≥ st, z ∈ D \ {0}.

This family was investigated from di�erent points of view by several mathematicians. Analytic
properties of these classes along their connection with dynamical systems and the semigroup
theory are examined.

The most intriguing results appear when we focus on the structure of the whole family{
At
s, s ≥ 0, t ∈ [0, 1]

}
from the set-theoretic perspective. This insight motivates us to introduce

a re�ned concept of quasi-in�ma and quasi-suprema, and to establish their complete description.
Unexpectedly, new properties of the Gauÿ hypergeometric function 2F1 play a crucial role in

our investigation.

The talk is based on joint works with F. Jacobzon.
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Szymon G��B

Lodz University of Technology (�ód¹, Poland)

The set of upper frequently hypercyclic points need not be Gδ

Let X be a separable linear topological space. Fix a countable base (Vn) on X. An operator
T : X → X is called upper frequently hypercyclic if there is x ∈ X such that

lim sup
n→∞

|{n : Tnx ∈ Vk}|
n

> 0

for every k. The point x is then called upper frequently hypercyclic for T , and the set of
such points is denoted by UFHC(T ). In [2] Bonilla and Grosse-Erdmann asked if the set
UFHC(T ) is always a Gδ. They proved it is residual. On the other hand Leonetti in [3] showed
that it is a Gδσδ-set. We will show that for the classical Rolewicz's backward shift operator
T : ℓ2 → ℓ2, T (y1, y2, . . . ) = 2(y2, y3, . . . ) on ℓ2, which by [1] is (upper) frequently hypercyclic,
the set UFHC(T ) is not Gδ. The method we use comes from the descriptive set theory.

AMS Subject Classi�cation: Primary: 46B87, 15A03; Secondary: 40A35, 46E15
Key Words and Phrases: upper frequently hypercyclic operator, Σ0

3-hard set, Π0
3-hard set.
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Wawrzyniec �murko (1824 � 1889)

This year marks the 200th anniversary of the birth of Wawrzyniec �murko, a prominent Po-
lish mathematician. �murko was the author of twenty-six works, including Wykªady Matematyki
(Mathematical Lectures) and other textbooks. He studied at the Vienna University and Poly-
technic School. In 1849, he published Beitrag zum Integralcalcul and subsequently earned his
habilitation as an associate professor of higher mathematics at the Vienna Polytechnic. In 1851
he moved to Lwów, where he was appointed a professorship in Mathematics at the Polytechni-
cal School, and later, he became a professor at Lwów University. �murko also contributed to
developing mathematical tools for curve drawings. At an industrial exhibition in Paris in 1878,
he demonstrated an integrator � a device for graphically solving integral calculus problems.
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Area-minimizing minimal graphs over linearly accessible domains

It is well-known that minimal surfaces over convex domains are always globally area-minimizing,
which is not necessarily true for minimal surfaces over non-convex domains. Recently, M. Dor�,
D. Halverson, and G. Lawlor proved that minimal surfaces over a bounded linearly accessible
domain D of order β for some β ∈ (0, 1) must be globally area-minimizing, provided a certain
geometric inequality is satis�ed on the boundary of D. We prove su�cient conditions for a sense-
preserving harmonic function f = h+ g to be linearly accessible of order β. Then, we provide a
method to construct harmonic polynomials which maps the open unit disk |z| < 1 onto a linearly
accessible domain of order β. Using these harmonic polynomials, we construct one parameter
families of globally area-minimizing minimal surfaces over non-convex domains.
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100th anniversary of Banach-Tarski Paradox

One of the most paradoxical consequences of the axiom of choice is the paradoxical distribution
of the sphere. Two eminent Polish mathematicians, Stefan Banach and Alfred Tarski, published
it, hence the name Banach-Tarski paradox. 100 years ago, in 1924, the article [1] was published
in Fundamenta Mathematicae and it was their only joint work. They presented a theorem which
can be formulated as follows:

The three-dimensional sphere K can be �cut� into a �nite number of parts from
which, using only translations and rotations, two spheres congruent to the sphere
K can be assembled (equivalent to the sphere K by �nite decomposition).

The theorem is completely contrary to our intuition because, on the one hand, the volume of the
sphere is doubled as a result of cutting, moving, rotating and folding and, on the other hand,
the translation and rotation operations used are isometric, i.e., they preserve the volume of the
solid.

The essence of the problem is that the parts into which the sphere is divided are not Lebesgue
measurable, i.e., they have no volume. Hence the additivity of measure, according to which the
sum of the measures of disjoint measurable sets is the measure of the sum set of these sets,
cannot be applied to them.

In our talk we will present the history and some consequences of the Banach-Tarski paradox.
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Aktywizacja studentów kierunku: Matematyka, specjalno±¢:
Nauczanie matematyki na warsztatach z przedmiotu: Geometria szkolna

Przedmiot Geometria szkolna jest realizowany na II i III roku studiów I stopnia (4 i 5 semestr).
W 4 semestrze oprócz wykªadów i ¢wicze« pojawiaj¡ si¦ równie» zaj¦cia warsztatowe. Do
wspóªprowadzenia warsztatów zapraszam zwykle studentów, którzy cz¦sto zaskakuj¡ mnie swoj¡
kreatywno±ci¡. Podczas referatu opowiem o metodach aktywizacji studentów, a tak»e o bardzo
ciekawych zaj¦ciach, które prowadzili sami studenci.

Matthias KELLER

University of Potsdam (Potsdam, Germany)

On Landis conjecture for Schrödinger operators on graphs

Landis conjecture is concerned with growth bounds for harmonic functions of Schrödinger
operator whose potential in absolute value is bounded by one. We study this problem for real
potentials and positive Schrödinger operators on general graphs and in the Euclidean lattice in
particular.

This is joint work with Ujjal Das and Yehuda Pinchover.

Adel KHALFALLAH

King Fahd University of Petroleum and Minerals (Dhahran, KSA)

Norm estimates of the �rst partial derivatives of generalized
harmonic functions

We investigate under what conditions on a boundary function F , being uniformly continuous
on the unit circle, so that the �rst partial derivatives to its Poisson extension P [F ] are in Hardy
or Bergman spaces in the unit disk.

Next, we consider the case of so-called α-harmonic functions : suppose α > −1 and 1 ≤ p ≤ ∞.
Let f = Pα[F ] be an α-harmonic mapping on D with the boundary F being absolute continuous
and Ḟ ∈ Lp(0, 2π), where

Ḟ (eiθ) :=
dF (eiθ)

dθ
.
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We investigate the membership of fz and fz in the space Hp
G(D), the generalized Hardy space.

We prove that if α > 0, then both fz and fz are in Hp
G(D). If α < 0, then fz and fz ∈ Hp

G(D) if
and only if f is analytic. Where

Pα(z) =
(1− |z|2)α+1

(1− z)(1− z)α+1

is the α-harmonic Poisson kernel in D.
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O egzaminach nauczycielskich dla kandydatów na nauczycieli
matematyki i �zyki w gimnazjach i szkoªach realnych na przykªadzie
Stanisªawa K¦pi«skiego i Kamila Krafta - nauczyciela Stefana Banacha

Przedmiotem rozwa»a« jest istota dydaktyki matematyki gªównie w kontek±cie historycznym.
Wydaje si¦, »e istot¡ dydaktyki matematyki jest wªa±nie matematyka. St¡d te» aby zapewni¢
odpowiedni¡ formacj¦ i kompetencje nauczyciela matematyki trzeba zacz¡¢ od fundamentalnego
pytania: co to jest matematyka, a dopiero potem formuªowa¢ wymagania stawiane nauczycielom
matematyki. Zdaniem autora prezentowanego opracowania matematyk¦ najogólniej i krótko
mo»na okre±li¢ jako zbiór de�nicji, twierdze« i dowodów twierdze« przeprowadzanych zgodnie
z prawami logiki matematycznej oraz wzajemne relacje jakie istniej¡ mi¦dzy wyszczególnionymi
powy»ej kategoriami. Po analizie ¹ródeª archiwalnych [1], [2] nale»y stwierdzi¢, »e w minionych
wiekach nasi poprzednicy trafnie wyczuwali istot¦ dydaktyki matematyki kªad¡c gªówny nacisk
na merytoryczny aspekt przygotowania nauczyciela do wykonywania swego zawodu, co w prak-
tyce egzekwowali poprzez egzamin nauczycielski po studiach matematycznych. Przytaczamy tu
przykªady takich egzaminów nauczycielskich: wybitnego matematyka przeªomu XIX i XX wieku
Stanisªawa K¦pi«skiego, który zajmowaª si¦ gªównie równaniami ró»niczkowymi pracuj¡c na-
jpierw w UJ i nast¦pnie w Politechnice Lwowskiej i nauczyciela gimnazjalnego Kamila Krafta,
który w szczególno±ci w IV gimnazjum w Krakowie uczyª, jak si¦ potem okazaªo, jednego z
najwybitniejszych matematyków polskich XX wieku Stefana Banacha.

�ródªa archiwalne

[1] Archiwum UJ, Teczka Pa«stwowego Egzaminu Nauczycielskiego Stanisªawa K¦pi«skiego.
[2] Archiwum UJ, Teczka Pa«stwowego Egzaminu Nauczycielskiego Kamila Krafta.
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Does SHAP-NET, the network of Shapley values, improve
the explainability of machine learning models?

The aim of this work is to �nd an e�ective combination of modelling based on the boosting
technique and the Shapley value calculation with the practise of evaluating an undirected graph
model. For this purpose, we created a XGBoost-SHAP regression model in which the target
variable is the cyanobacteria concentration and the model variables consist of 20 environmental
factors. Then two partial correlation based graphs were created. First, Preliminary Network
containing all features (with target variable) with original records of parameters and second,
named SHAP-NET, based on the Shapley values of the independent variables from the SHAP
model. It seems that using new combining machine learning and network tools as SHAP-NET
it will be possible to further improve the idea of explainability of models in the �eld of XAI
(eXplainable Arti�cial Intelligence), and attempts to solve practical domain problems, as in this
work, can contribute to progress in this area.

Meglena LAZAROVA1, Michail TODOROV2

1Technical University of So�a (So�a, Bulgaria)
2Institute of Mathematics and Informatics, Bulgarian Academy of Sciences (So�a, Bulgaria)

Double Laplace transform applied to a non-ruin probability equation
of third order arisen from insurance risk theory

In this research we are interested in �nding an analytic solution of a linear PDE of order
three with constant coe�cients that had been derived for the non-ruin probability in the case
of exponentially distributed claims. The equation arises as a result of an investigation over the
extended Bivariate Pólya-Aeppli process, which applications are mostly found in the insurance
risk theory. By using of the double Laplace transform an operator equation for the given equation
is obtained and solved explicitly with respect to the image. As soon as it is a rational function of
two complex-valued parameters the original solution can be restored by using twice the Riemann-
Melin formula. The re�nement of this unique equation requires using the specialized tool of
software package Mathematica.

Key Words and Phrases: bivariate Polya-Aeppli counting process, non-ruin probability, expo-
nentially distributed claims.
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See Keong LEE
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Logarithmic coe�cients of analytic functions

The Bieberbach conjecture was proved by Louis de Branges in 1984 by proving Milin's conjec-
ture. The Milin conjecture states that for any analytic univalent function, the following inequality
holds:

n∑
m=1

m∑
k=1

(
k|γk|k −

1

k

)
≤ 0, n = 1, 2, . . . ,

where γk's are the coe�cients in the series expansion of

log
f(z)

z
= 2

∞∑
n=1

γnz
n.

These coe�cients γn are called the logarithmic coe�cients. Since then, works have been done
on determining the bound for the logarithmic coe�cients of functions in several subclasses.

The development of the problem on determining the logarithmic coe�cients will be explored.
Some recent results will be discussed too.

Justyna MADEJ

Politechnika Rzeszowska (Rzeszów, Poland)

Zastosowanie miar niezwarto±ci do badania rozwi¡za« niesko«czonych
ukªadów równa« caªkowych na przedziale nieograniczonym

Podczas wyst¡pienia zostan¡ przedstawione wyniki dotycz¡ce istnienia rozwi¡za« niesko«-
czonych ukªadów równa« caªkowych Urysohna i Hemmersteina na przedziale nieograniczonym.
Przedmiotem prezentacji b¦d¡ twierdzenia dotycz¡ce istnienia rozwi¡za« tych ukªadów. Gªówny-
mi narz¦dziami wykorzystywanymi w dowodach tych twierdze« jest poj¦cie miary niezwarto±ci
oraz twierdzenia o punktach staªych Schaudera i Darbo. Rozwa»ania prowadzone s¡ w przestrze-
niach Banacha zªo»onych z funkcji ograniczonych i ci¡gªych na dodatniej póªosi rzeczywistej o
warto±ciach w przestrzeniach Banacha c0 i l∞.
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Jacek MARCHWICKI

University of Warmia and Mazury in Olsztyn (Olsztyn, Poland)

Achievement sets of complex series

The purpose of talk is to introduce the notion of achievement set, that is the set of subsums
of the series

∑∞
n=1 xn, more precisely

E(xn) :=

{ ∞∑
n=1

εnxn : (εn) ∈ {0, 1}N
}

=

{∑
n∈A

xn : A ⊂ N

}
.

We also consider the sum range of the series

SR(xn) :=

{ ∞∑
n=1

xσ(n) : σ ∈ S∞

}
We observe among others that for the achievement sets E(xn) of conditionally convergent com-
plex series the following are possible.

• The intersection of E(xn) and SR(xn) could be a singleton and moreover we mention
that it is always nonempty set;

• E(xn) can be a graph of function;
• E(xn) can be a dense set in R2 with an empty interior;
• E(xn) can be neither an Fσ nor a Gδ-set;
• E(xn) can be an open set not equal to the whole R2;
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Fractional-Order Systems

Fractional-order systems (FOS) are dynamical systems that can be modelled by fractional
di�erential equations (FDEs) involving derivatives of non-integer order. FOS are useful in inves-
tigating memory e�ect and hereditary properties of various materials and processes.

Explicit solutions to linear systems of di�erential equations provide basis to perform stability
analysis and to solve control problems. Analytical solutions of the linear systems of fractional
di�erential equations with constant coe�cients were derived in the paper [1] and then applied to
solving control problems in [2, 3, 4]. Explicit solutions to linear systems of di�erential equations
are usually expressed in terms of state transition matrix. In the case of FDEs with constant
coe�cients the state transition matrix can be represented using the matrix Mittag-Le�er function
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[5]. In this paper, special attention is given to the numerical methods for computation of the
matrix Mittag�Le�er function.

Meanwhile, a number of real-life systems and processes can be described by linear FDEs with
variable coe�cients. Linear di�erential equations with variable coe�cients arise in a natural
way when modeling RLC-circuits with variable capacitance or inductance. With the advent
of electronic components like super-capacitors (also called ultracapacitors) and fractances, one
should employ fractional di�erential equations for circuit models. This provides motivation for
research on FDEs with variable coe�cients and related control problems.

In the recent years a number of papers have been devoted to solutions of the systems of FDEs
with variable coe�cients and their control. In [6] explicit solutions for the linear systems of FDEs
are obtained in terms of generalized Peano�Baker series. Linear systems of FDEs with variable
coe�cients and their state-transition matrices are also discussed in [7].

In this paper we present an overview of the recent advances in the study of the linear FOS.
Initial value problems for linear systems of FDEs with both constant and variable coe�cients
involving di�erent types of fractional derivatives are investigated. For these systems solution of
initial-value problem is derived and time-optimal control problem is formulated. The optimal
control problem is treated from convex-analytical viewpoint. Necessary and su�cient conditions
for time-optimal control similar to that of Pontryagin's maximum principle are obtained.

Further, di�erential games described by the systems of linear FDEs with variable coe�cients
involving Riemann�Liouville and Caputo derivatives are also examined. The game problem is
treated using the technique of set-valued maps and their selections. On the basis of the resolving
functions method, su�cient conditions for the �nite-time game termination from given initial
states are derived [8].

FDEs on the whole axis involving the Liouville fractional derivative are dealt with separately.
We establish existence and uniqueness of an explicit solution to this equation under a boundary
condition inside the time interval. In proving the uniqueness we apply technique of integral
transforms [9].

Another topic discussed in the paper is the use of FDEs in arti�cial intelligence. In particular,
we touch upon the subject of the fractional-order Physics Informed Neural Networks [10].
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Znaczenie i poziom nauczania statystyki matematycznej
polskiej mªodzie»y w wieku 15-21 lat

The importance and level of teaching mathematical statistics
to Polish youth aged 15-21

Statystyka matematyczna jest wa»n¡ dziedzin¡ nauki i techniki, a wykorzystanie statystyki
jako klucza do podejmowania decyzji jest cech¡ wspóªczesnej nauki i zarz¡dzania. Szkoªa jest
pierwszym ±rodowiskiem, gdzie teoretycznie i praktycznie mo»na ksztaªtowa¢ ±wiadomo±¢ zna-
czenia statystyki we wspóªczesnym ±wiecie. Celem opracowania jest analiza zagadnie« statysty-
cznych wyst¦puj¡cych w szkolnych programach nauczania, arkuszach egzaminacyjnych i Olim-
piadzie Statystycznej. Dodatkowym narz¦dziem badawczym jest wywiad przeprowadzony w±ród
nauczycieli, którego wyniki pozwoliªy okre±li¢ zakres i stopie« rozumienia zagadnie« statysty-
cznych ze szczególnym naciskiem na ich odniesienie do »ycia codziennego oraz ich wpªyw na
ksztaªtowanie przekona« i podejmowanie decyzji przez mªodzie».

Sªowa kluczowe: statystyka matematyczna, edukacja statystyczna, Olimpiada Statystyczna,
±wiadomo±¢, decyzyjno±¢.

Mathematical statistics is an important �eld of science and technology, and using statistics
as a key to decision-making is a feature of modern science and management. School is the �rst
and most important environment where theoretically and practically it is possible to shape the
awareness of the importance of statistics in the contemporary world. The aim of the study is to
analyze statistical issues appearing in school curricula, examination papers and the Statistical
Olympiad. An additional research tool is an interview conducted among teachers, the results
of which allowed to determine the scope and degree of understanding of statistical issues with
particular emphasis on their reference to everyday life and their impact on shaping beliefs and
decision-making by young people.

Key Words and Phrases: mathematical statistics, statistical education, awareness, decision-
making.
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Spectrum of a normalized complex Laplacian on �nite electrical networks

It is know, that weighted graphs can be considered as electrical networks with resistors (in this
case weights are called conductances). We consider more general case of electrical networks with
inductors, capacitors and resistors. Than a generalization of conductance is called admittance
and it is a positive real rational function on complex parameter s. Usually s ∈ C with positive
real part is considered. The Laplace operator and Dirichlet problem for it arise naturally from
the problem of �nding voltages in electrical network.
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We estimate the spectrum of normalized Laplace operator of �nite graphs, whose weights
are positive real functions on complex parameter, lying in the right half-plane, and show the
sharpness of our estimates. It is shown that eigenvalues lie in a larger region compared to the case
of the real Laplacian. Moreover, we present an estimate from below for the �rst non-vanishing
eigenvalue in modulus.
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Warunki zwarto±ciowe w przestrzeniach funkcji o przyrostach
utemperowanych moduªem ci¡gªo±ci

W referacie przedstawimy warunki zwarto±ciowe w przestrzeniach funkcji o przyrostach utem-
perowanych moduªem ci¡gªo±ci. Przedstawimy równie» zastosowanie tych warunków w kon-
strukcji miar niezwarto±ci w tych przestrzeniach.

Irina NASKINOVA

University of Architecture, Civil Engineering and Geodesy (So�a, Bulgaria)

On a new computational model of bacterial infection

The proposed talk is devoted to the description of a new mathematical model considering the
interactions between bacterial infection and immune system. Diseases caused by bacteria can be
very dangerous. Mathematical modeling can simulate the development of the disease and be used
for prediction of its outcome. Overview of recent literature in this �eld is presented. Numerical
scheme for �nding approximate solution of the modeled problem is proposed and implemented.
Results of simulations are presented and commented from a medical point of view.

Iveta NIKOLOVA

University of Architecture, Civil Engineering and Geodesy (So�a, Bulgaria)

On the mathematical modeling of autoimmune diseases
caused by viral infections

Mathematical modeling has various applications in medicine. In the present work using mod-
eling approach the development of autoimmune diseases is studied. Preliminaries to the research
area are provided. Medical and immunological information as well as theoretical foundations
of recently applied models are presented. The proposed new mathematical model is described.
Results of qualitative and quantitative analysis of the model are presented. Typical outcomes of
autoimmune diseases are obtained for various choices of parameters of the proposed model.
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De Branges-Rovnyak spaces generated by nonextreme functions

Let H2 denote the standard Hardy space on the unit disk D of the complex plain and let
T = ∂D. It is known that the space H2 can be also identi�ed with a subspace of L2 = L2(T).
For a function φ ∈ L∞ = L∞(T) the Toeplitz operator Tφ on H2 is given by Tφf = P (φf),
where P denotes the orthogonal projection from L2 onto H2.

For a function b in the unit ball of H∞, the de Branges-Rovnyak space H(b) is the image of
H2 under the operator (I − TbTb)

1/2 with the inner product given by

⟨(I − TbTb)
1/2f, (I − TbTb)

1/2g⟩b = ⟨f, g⟩2, (f, g ∈ (ker(I − TbTb)
1/2)⊥),

where ⟨f, g⟩2 denotes the inner product in H2. It is known that, in the case b is an inner function,

H(b) = H2 ⊖ bH2

is the so called model space.
In the case when the b is not an extreme point of the unit ball ofH∞ ( equivalently, log(1−|b|2)

is integrable on T) the structure of the space H(b) is much more complicated.
Let a denote the outer function a that has modulus (1− |b|2)1/2 on T. If M(a) = aH2, then

M(a) ⊂ H(b). We will discuss the orthogonal complement of M(a) in H(b) and cyclic vectors
for the shift operator restricted to H(b).

Joint work with Bartosz �anucha and Maªgorzata Michalska

Mamoru NUNOKAWA1, Janusz SOKÓ�2, Edyta TRYBUCKA2

1University of Gunma (Chiba, Japan)
2 University of Rzeszów (Rzeszów, Poland)

On some univalence condition

In [2] Ozaki, Ono and Umezawa proved a result that if f(z) is analytic and satis�es f ′(0) ̸= 0,
|f ′′(z)| < 1 in |z| < 1, then |f ′(z) − 1| < 1 and so, f(z) is univalent in |z| < 1, because
Re{f ′(z)} > 0 in |z| < 1 implies univalence by Noshiro-Warshawski Theorem.

We will show an another su�cient condition for univalence of f(z) by applying a hypothesis
for modulus of arg{f ′′(z)} in the unit disc.
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Politechnika Rzeszowska (Rzeszów, Poland)

Niesko«czone ukªady nieliniowych równa« caªkowych

W trakcie referatu zostan¡ omówione kryteria zwarto±ciowe w pewnych funkcyjnych przestrze-
niach Frechéta a tak»e b¦d¡ podane wygodne rachunkowo miary niezwarto±ci w tych»e przestrze-
niach. Ponadto zostan¡ przedstawione wybrane twierdzenia o punktach staªych wyra»one w
terminach miar niezwarto±ci. Caªo±¢ tej techniki, przydatnej przy badaniu rozwi¡zalno±ci niek-
tórych równa«, b¦dzie zaprezentowana na przykªadzie pewnego niesko«czonego ukªadu równa«
caªkowych.

Viktoriia ONYSHCHENKO

University of Warmia and Mazury in Olsztyn (Olsztyn, Poland)

Gami�cation in Teaching IT-Students

Teaching mathematical disciplines requires new forms and new methods of working with stu-
dents. This is especially true if we are talking about teaching computer science students. De-
pending on the methods of teaching the material, monologue lectures have been supplemented by
information-problematic lectures and lectures-conversations. That is, the correct construction of
the game form of learning increases the level of attention [1, 3]. And a teacher-controlled game
and learning in action keep young people's attention longer than just an instruction to �do it be-
cause it's necessary�. Today, games are one of the most e�ective forms of learning. Gami�cation
includes [2]:

• Points:for achieving certain results or completing tasks.
• Levels: achieving new levels after gaining a certain number of points or ful�lling condi-
tions.

• Badges/rewards: symbols of achievement that show success or progress.
• Rankings: comparing results between participants to create competition.
• Challenges/missions: clearly de�ned goals to complete that provide a path to a reward.

Gami�cation helps to make learning more interesting by adding competition, rewards, or inter-
active exercises, and increases learning e�ectiveness when combined with such forms of learning
as

• Interactive learning: the use of self-paced learning tools, including videos, games, polls
and virtual simulations. This makes learning more dynamic and engaging.

• Flipped classroom: In this methodology, students learn new material at home through
videos or other resources, and during lectures, they do practical tasks, discuss and solve
problems. This allows more time to be spent on interactivity.

• Project-based learning: Focusing on completing projects that allow students to learn
material through practical application. This can include research, creating presentations,
developing models, etc.

• Microlearning: Dividing learning material into smaller chunks that are easier to digest.
These can be short video tutorials, interactive modules, or tips.



30

• Collaborative learning: Increasing the emphasis on students working together on assign-
ments. This includes the use of online platforms for group projects, discussions, and
collaborative problem solving.

The combination of these forms of work results in a motivated student who learns throughout
the semester and has a deep level of knowledge at the end of the course.
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Semantically-marked Petri net models of processes

We present a new model of Petri nets called Petri nets over ontological graphs which was
introduced for the �rst time in [5]. Petri nets over ontological graphs enable us to model processes
taking into account the semantics of their entities. In the new model of Petri nets, we bene�t
from both Petri nets which are a powerful graphical and formal tool used to describe structures
and dynamics of real-life processes [3] and ontologies which specify the concepts and relationships
among them comprising the vocabulary from real-life areas [2]. Petri nets over ontological graphs
can be treated as the so-called high level Petri nets (cf. [1]). Such Petri nets enable us to obtain
much more succinct and expressive descriptions than can be obtained by means of low level Petri
nets (e.g., place-transition nets [4]). In the proposed approach, we intend to consider tokens
marking Petri nets as entities placed in semantic spaces (represented by ontologies, especially,
OWL ontologies). In general, Petri nets over ontological graphs can be used to describe structures
and behaviors of business processes, reasoning processes, control processes, etc.
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Geometric properties of harmonic mappings in the unit disc
and normalized on the boundary

Given n ∈ N let T1, T2, . . . , Tn be closed arcs contained in the unit circle T := {z ∈ C : |z| =
1}, with positive length, total length 2π and covering T. Write F for the class of all complex-
valued harmonic functions F of the unit disc D := {z ∈ C : |z| < 1} into itself satisfying the
following sectorial condition: For each k ∈ {1, 2, . . . , n} and for almost every z ∈ Tk the radial
limit of the function F at the point z belongs to the angular sector determined by the convex hull
spanned by the zero and arc Tk. Another class H under consideration consists of all harmonic
di�eomorphisms F of D onto itself satisfying the following classical boundary condition: For
each k ∈ {0, 1, . . . , n} the radial limit of F at the point ek is equal to ek. Here {e0, e1, . . . , en}
is a subset of T containing n + 1 points placed according to the positive orientation of T. The
talk is a survey of results on geometric properties for both classes.

The presented results were obtained in cooperation with Anna Futa and Józef Zaj¡c.

Paweª PEREKIETKA

Muzeum Matematyki Fundacji Zakªady Kórnickie (The Museum of Mathematics

in Kórnik (MuMa)) (Kórnik, Poland)

The Stodóªkiewicz Arithmoscope.
A teaching aid for narrative teaching of arithmetic

In the early 1900s, Leon Stodóªkiewicz (1845-1913), who had spent many years teaching at
elementary schools in the Kielce Governorate (in Kielce and Warsaw), proposed an arithmetic
board based on his idea, as a teaching aid for narrative teaching of arithmetic. It was designed
to replace the Schoty, the Russian abacus used in schools, which Stodoªkiewicz felt was better
suited to accountants, but not children.

In my report, I'll present some parts of a demonstration lesson described in the Warsaw daily
newspaper 'Dziennik Powszechny' in December 1905.
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Geometric pressure and periodic orbits for complex quadratic polynomials

Hyperbolic Hausdor� dimension of Julia set J(f) for a rational mapping f of degree at least 2
on the Riemann sphere is de�ned as supremum of Hausdor� dimensions of its invariant hyperbolic
subsets (usually it is just Hausdor� dimension of Julia set itself). It is the �rst zero t = t0 of
the geometric pressure function P (f,−t log |f ′|). There are various equivalent de�nitions of this
pressure, e.g. variational. I will sketch the proof that it can be expressed via periodic trajectories
in the case of quadratic polynomials, partially answering an old problem. The method I use is
to show that there are not many periodic trajectories in bunches, using Milnor's Orbit Portraits
for external arguments.

A special case is the question of how many periodic trajectories of any period can be entirely
in arbitrarily small neighbourhood U of Cremer's �xed point x (or periodic trajectory). Cremer's
means that the linear part of f at x is multiplication by e2πα, so that f is not linearizable at x
(that is α is fast approximated by its continued fraction convergents). I can answer the latter
question for quadratic polynomials: For adequate U there is at most one periodic trajectory in
U of minimal period n for each n > 1.

Jouni RÄTTYÄ

University of Eastern Finland (Joensuu, Finland)

Tent spaces and maximal theorems

We present results and open questions related to maximal theorems and tent spaces related
to radial or non-radial doubling weights.

Jacek ROGOWSKI

Politechnika �ódzka (�ód¹, Poland)

O pewnych metodach wyznaczania sum sko«czonych

Na zaj¦ciach z matematyki dyskretnej lub analizy matematycznej cz¦sto pojawia si¦ potrzeba
zaproponowania ciekawszych zada« bardziej zaawansowanym lub zainteresowanym przedmiotem
studentom. Bogatym ¹ródªem takich problemów s¡ pytania o jawne postaci sum sko«czonych∑n

k=1 ak, gdzie (ak) jest danym ci¡giem. Tego typu zadania pojawiaj¡ si¦ np. podczas anali-
zy algorytmów w tych przypadkach, gdy nie wystarcza oszacowanie szybko±ci zmian sumy (w
zale»no±ci od n) na podstawie twierdzenia o rekurencji uniwersalnej ([1]). Wydaje si¦, »e w
dost¦pnej literaturze najpeªniejszy katalog metod wyznaczania wzoru na sum¦ sko«czon¡ mo»na
znale¹¢ w [2].

W moim referacie omówi¦ wybrane metody znajdowania sum sko«czonych zwracaj¡c uwag¦
na zaobserwowane trudno±ci, jakie maja studenci podczas prób ich stosowania. Skoncentruj¦ si¦
gªównie na metodzie zaburzania, metodzie zast¦powania sumy przez rekurencj¦ oraz metodzie
sumowania ró»nic. W przypadku dwóch pierwszych metod widoczna b¦dzie ich praktyczna
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równowa»no±¢. Omawiane metody zilustrowane zostan¡ przykªadami o ró»nym stopniu trud-
no±ci. W szczególno±ci zostanie pokazane, jak

• znale¹¢ sumy
n∑

k=1

n3,

n∑
k=1

nan,

gdzie a jest dowoln¡ liczb¡ rzeczywist¡;
• dla ci¡gu Fibonacciego (Fn) znale¹¢

n∑
k=1

Fk,
n∑

k=1

F 2
k ;

• wykaza¢ zbie»no±¢ szeregów
∞∑
n=1

(−1)n

FnFn+1
,

∞∑
n=1

Fn−1

FnFn+1

oraz znale¹¢ ich sumy.
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System rekomendacji na bazie rekurencyjnej sieci neuronowej oraz
collaborative �ltering w usªugach subskrypcyjnych

Systemy rekomendacji s¡ elementem wielu wspóªczesnych aplikacji b¦d¡cych ª¡cznikiem mi¦dzy
klientem a biznesem. Zaprezentowany przypadek u»ycia obejmuje usªug¦ subskrypcyjn¡ �rmy
Legimi S.A., która oferuje swoim klientom dost¦p do bogatej liczby ebooków oraz audiobooków.
Rekomendacje, które s¡ prezentowane u»ytkownikom powinny by¢ spersonalizowane i mog¡
cz¦sto by¢ efektem do±¢ skomplikowanej analizy zarówno historii czytelniczej danego u»ytkown-
ika jak i obecnej sytuacji na rynku wydawniczym. Te rekomendacje mog¡ równie» wynika¢ z
innych czynników biznesowych, wi¦c potrzebna jest do±¢ du»a elastyczno±¢ w tym podej±ciu. Za-
prezentowane w pracy potencjalne rozwi¡zania przedstawiaj¡ pewne spektrum mo»liwego wyko-
rzystania sieci rekurencyjnych, a w szczególno±ci jej wariantu o nazwie encoder-decoder oraz
ugruntowanego rozwi¡zania opartego o collaborative �ltering. Wskazuj¡ tak»e mo»liwe formy
nakªadania czynników biznesowych na wyniki modelu.

Jednym z najbardziej popularnych zastosowa« modelu encoder-decoder jest tªumaczenie ma-
szynowe, gdzie sekwencja w jednym j¦zyku jest przez encoder osadzana w wielowymiarowej
przestrzeni wektorowej (enkodowana), a nast¦pnie jej wewn¦trzna reprezentacja wraz z tªu-
maczeniem przekazywana jest do decodera. Caªy proces polega na zbudowaniu jak najlepiej
dopasowanej (w kontek±cie warto±ci funkcji straty) reprezentacji tych wektorów. W procesie
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inferencji na podstawie nowej sekwencji wej±ciowej model zwraca najbardziej prawdopodobn¡
sekwencj¦ wyj±ciow¡ (rekurencyjnie element po elemencie) a» do zadanej maksymalnej dªugo±ci.

Model eksperymentalny, który zostaª zbudowany na bazie sieci encoder-decoder miaª na celu
sprawdzenie jego efektywno±ci na wektorach, które zamiast zda« w j¦zyku naturalnym skªadaj¡
si¦ z tokenów, które reprezentuj¡ wybrane elementy historii czytelniczej u»ytkowników. W
procesie uczenia te sekwencje s¡ odpowiednio dzielone na cz¦±¢ treningow¡ i testow¡, tak aby
model mógª wyuczy¢ si¦ istniej¡cych schematów kolejnych ksi¡»ek do przeczytania na podstawie
pewnego fragmentu historii czytelnictwa u»ytkowników.

Drugie opisane podej±cie, które zostaªo przebadane w kontek±cie jego potencjalnego wykorzys-
tania bazuje na sprawdzonej metodzie o nazwie collaborative �ltering. To rozwi¡zanie wykorzys-
tuje najpierw istniej¡ce informacje o u»ytkownikach i produktach oraz ich wybranych cechach np.
ocenach u»ytkowników, do stworzenia macierzy user-item. Ten mechanizm zakªada, »e podobne
rekomendacje powinny by¢ generowane dla u»ytkowników, którzy podobnie oceniaj¡ te same pro-
dukty, wi¦c nale»¡ do tych samych grup w kontek±cie produktów, kategorii lub innych badanych
cech. W ramach collaborative �ltering mo»emy wyró»ni¢ rekomendacje typu user-based lub item-
based. Te macierze s¡ z natury rzeczy macierzami rzadkimi co powoduje konieczno±¢ stosowania
metod faktoryzacji macierzy lub SVD aby poprawi¢ jako±¢ generowanych rekomendacji.

W ramach przeprowadzonych eksperymentów zbadano równie» skuteczno±¢ predykcji ocen
brakuj¡cych poprzez stworzenie klasy�katora ocen bazuj¡cego na wybranych cechach czytel-
niczych, który nazywany jest równie» podej±ciem typu implicit feedback. W ramach tej cz¦±ci
eksperymentalnej zbadano skuteczno±¢ collaborative �ltering oraz mody�kacji w postaci implicit
feedback z ró»nym doborem danych w celu poszukiwania optymalnego rozwi¡zania.

W pracach porównano wyniki dla ró»nych podej±¢ b¦d¡cych podstaw¡ budowy systemów
rekomendacji. Zastosowano takie metody oceny rekomendacji jak map@k oraz precision@k.
Ze wzgl¦du na ró»norodno±¢ podej±¢, z których wynikaªy ró»ne zakresy potrzebnych danych,
ich rozpi¦to±¢ czasowa oraz w zakresie potrzebnych atrybutów, skupiono si¦ tak»e na kwestii
niezb¦dnych procesów zasilaj¡cych oraz aktualizuj¡cych dane.

Prowadzone prace odbywaªy si¦ w ramach projektu nr POIR.01.01.01−00−1970/20 pt. �Opra-
cowanie modeli analizy behawioralnej u»ytkowników z wykorzystaniem algorytmów sztucznej in-
teligencji w celu predykcji zachowa« konsumenckich, rekomendacji produktów i automatyzacji
procesów marketingowo−sprzeda»owych w bran»y ksi¦garskiej�, wspóª�nansowanego przez Uni¦
Europejsk¡ ze ±rodków Europejskiego Funduszu Rozwoju Regionalnego w ramach Programu
Operacyjnego Inteligentny Rozwój 2014−2020, Dziaªanie 1.1: Projekty B+R przedsi¦biorstw,
Poddziaªanie 1.1.1: Badania przemysªowe i prace rozwojowe realizowane przez przedsi¦biorstwa.
Projekt realizowany byª w ramach konkursu Narodowego Centrum Bada« i Rozwoju 6/1.1.1/2020
− Szybka �cie»ka.
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Estimates logarithmic coe�cient inequalities for certain families
of analytic functions

The family S consists of functions that are analytic and univalent in the unit disc D := {z ∈
C : |z| < 1} and of the form

f(z) = z +
∞∑
n=2

anz
n, z ∈ D.
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By the logarithmic coe�cients of f in S, one means the coe�cients of the expansion

log
f(z)

z
= 2

∞∑
n=1

γnz
n, z ∈ D.

I. M. Milin proposed a system of inequalities for the logarithmic coe�cients of the family S.
Among those inequalities, one that is well-known as the Milin conjecture, is the key result in
proving the Bieberbach conjecture by L. de Branges in 1984. In this talk, we will establish the
logarithmic coe�cient inequalities for a general family of starlike functions which are described
by a subordination relation. Then, several special cases are deduced, which include one that
corrects earlier published result.

A joint work with S. K. Lee and R. M. Ali.

AMS Subject Classi�cation: Primary: 30C45, 30C55
Key Words and Phrases: analytic, univalent, starlike function, convex function, logarithmic

coe�cient, subordination.
This talk is based on the following articles:
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Starlikeness of regular Coulomb wave functions

In this talk, I will present some geometric properties of a class of analytic functions, which
is de�ned from the J-fraction expansion of the ratio zf ′(z)/f(z). I will �nd the disk domain,
which is mapped into a starlike domain by these functions. Moreover, I will present similar
results for two di�erent normalized forms of regular Coulomb wave functions and a normalized
Bessel function of the �rst kind by using continued fractions expansions.

Stanislava STOILOVA
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Symmetrisation of sequences in base b

The problem of symmetrisation of sequences constructed in arbitrary number system in base
b was de�ned by Nathan Kirk in 2020. In this paper is shown a solution to this problem. Here
is considered the possibility of lower bound of b-adic diaphony. The relationship between the
b-adic diaphony of sequence ξN and the L2 discrepancy of the symmetric sequence generated by
ξN is made. Using the known Koksma`s formula, the properties of the Walsh functions and the
similar Proinov`s techniques is proved the main result.



36

Anbhu SWAMINATHAN
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Ratio of hypergeometric functions in Geometric Function Theory

Extremal functions of many subclasses of univalent function theory have the hypergeometric
type representation. Hence the role of hypergeometric functions in determining the theory of
classes of univalent functions in well known. In this talk, the role of ratio of hypergeometric
functions in determining certain properties of functions in subclasses of univalent functions will
be underlined. The results leading further generalizations of ratio of hypergeometric functions
will be discussed. Open problems and directions for future research will be outlined.

AMS Subject Classi�cation: Primary: 30C45, 33C45, 42C05, 30C15, 15A24
Key Words and Phrases: univalent function, starlike function, convex function, hypergeometric

functions, continued fraction.
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Uniwersytet Rzeszowski (Rzeszów, Poland)

Kilka re�eksji o wykorzystywaniu testów w nauczaniu matematyki
na studiach inzynierskich w Uniwersytecie Rzeszowskim

Testy staªy si¦ powszechnym narz¦dziem sªu»¡cym do wery�kacji wiedzy na ró»nych poziomach
edukacji. Mo»na rozró»ni¢ dwa rodzaje testów: testy ko«cowe i testy w trakcie uczenia sie
(studiowania). Pierwsze z nich budz¡ wiele kontrowersji zwi¡zanych z rzetelno±ci¡ oceny, drugie
moga znacznie pomóc w procesie ksztaªcenia.

W trakcie referatu podziele si¦ do±wiadczeniem zwi¡zanym z konstrukcj¡ i przeprowadzaniem
testów sprawdzaj¡cych znajomo±¢ i rozumienie poj¦¢ matematycznych przez studentów studiów
I stopnia na kierunkach: optometria, systemy diagnostyczne w medycynie oraz informatyka i
ekonometria, realizowanych w Uniwersytecie Rzeszowskim. Wska»¦ zalety i wady testów cz¡st-
kowych zaplanowanych po ka»dym dziale materiaªu oraz ich wpªyw na zdawalno±¢ egzaminu
ko«cowego. Ponadto przedstawi¦, zaczerpni¦te z ankiet studenckich, opinie dotycz¡ce przed-
stawionego sposobu wery�kacji efektów uczenia si¦.
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On a method for solving of nonlinear equations of mathematical physics
in multidimension

We consider linear multidimensional evolutionary equations or the linear part of nonlinear
ones. The complex structure and the presence of terms with di�erent physical sense requires
the coordinate splitting to be preceded by splitting by physical factors (processes). Dated 70s of
20th century the method is applied very successfully for solving of various problems in ecology,
air and water pollution, di�usion, etc. In this paper we aim to demonstrate that the splitting by
physical factors is also applicable and can be e�cient for solving of nonlinear multidimensional
evolutionary problems. The nonlinear term(s) are linearized by the so-called inner iteration.
Without loosing of generality we pay attention to an initial-value problem of (3+1)D equations of
Schrodinger kind. The method is applied successfully for numerical solving of (3+1)d Schrodinger
equation with sign-variable group velocity as well for (3+1)d amplitude equations (of envelope),
when the propagation regimes of the light pulses may be ultra-short (femtosecond). The obtained
results are reliable and give good predictions for the material quantities and dynamics of the light
pulses.

Katarzyna TR�BKA-WI�C�AW

Lublin University of Technology (Lublin, Poland)

Coe�cient functionals for close-to-convex functions

Let A be the family of all functions analytic in the open unit disk D = {z ∈ C : |z| < 1}
having the power series expansion

f(z) = z +

∞∑
n=2

anz
n, z ∈ D.

Coe�cient problems of analytic functions have always been of the great interest to researchers.
There are many papers in which the n-th coe�cient an, the di�erence of the moduli of successive
coe�cients |an+1|− |an|, the Hankel determinants, the logarithmic coe�cients or the coe�cients
of the inverse functions have been estimated in various subclasses of analytic functions.

In this paper we discuss the coe�cient functionals in the class of close-to-convex functions.
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The estimates of the inner radii of symmetric non-overlapping domains

Let N and R be the sets of natural and real numbers, respectively, C be the complex plane,
C = C ∪ {∞} be the Riemann sphere, and r(B, a) be the inner radius of the domain B ⊂ C
with respect to the point a ∈ B.

Consider the di�erent non-overlapping domains B0, B1, . . . , Bn (Bp ∩Bj = ∅ for p ̸= j, p, j =
0, n) such that a0 = 0 ∈ B0 ⊂ C, ak ∈ Bk ⊂ C, k = 1, n. Moreover domains B1, . . . , Bn have
symmetry with respect to unit circle, and for γ ∈ (0, n] consider the value

In(γ) := rγ (B0, 0)

n∏
k=1

r (Bk, ak) . (1)

Problem (see [1]) For any �xed γ ∈ (0, n] to �nd the maximum of the functional (1) and to show
that this maximum is reached for some con�guration of the domains Bk and points ak, k = 0, n,
which has n-fold symmetry.

This problem is one of the problems of the geometric function theory. The problem has a
solution only if γ ⩽ n as soon as γ = n+ ϵ, ϵ > 0, the problem has no solution. Currently it still
unsolved in general, only partial results are known (e.g., [2]).

The following theorem holds (proof see in [3]).
Theorem. Let n = 4, 7, 1 < γ ⩽ γn, γ4 = 1.6, γ5 = 1.65, γ6 = 1.7, γ7 = 1.77. Then for any
di�erent system of points {ak}nk=0 such that a0 = 0, |ak| = 1, k = 1, n and for any di�erent

system of non-overlapping domains {Bk}nk=0 such that a0 ∈ B0 ⊂ C, ak ∈ Bk ⊂ C, k = 1, n,
moreover domains {Bk}nk=1 have symmetry with respect to unit circle, the following inequality
holds

rγ (B0, 0)

n∏
k=1

r (Bk, ak) ⩽

(
4

n

)n

(
2γ

n2

) γ
n

(
1− 2γ

n2

)n
2
+ γ

n

(
n−

√
2γ

n+
√
2γ

)√
2γ

.

Equality is attained if ak and Bk, k = 0, n, are, respectively, poles and circular domains of the
quadratic di�erential

Q(w)dw2 = −γw2n + 2(n2 − γ)wn + γ

w2(wn − 1)2
dw2.
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An application of two-stage regression for quantile premium estimation
in automobile insurance

In automobile insurance, an primary task is to determine appropriate insurance rates, a process
known as insurance pricing. In recent years, this process has incorporated multivariate predictive
modelling techniques, including classi�cations and regression. The aim is to calculate suitable
insurance premiums for individual policies that accurately assess the risks associated with spe-
ci�c vehicles and drivers. While generalized linear models (GLMs) are currently the industry
standard, they only provide estimates of the expected values of response variables, neglecting
extreme claims or tail events. To address this limitation, a quantile premium approach may be
considered, as it o�ers insights into the entire distribution of a given phenomenon. This study
proposes a method for selecting between two models to estimate the quantile premium. Both
models employ a two-stage modelling technique to estimate the quantile premium in cases where
the independent variables are multicategorical factors. The proposed method utilizes a super-
vised learning procedure, with the leave-one-out cross-validation (LOOCV) algorithm employed
for model training.

Ulyana Yarka

Politechnika Wrocªawska (Wrocªaw, Poland)

Efektywne strategie dydaktyczne prowadzenia zaj¦¢ z matematyki
dla studentów z zaburzeniem uczenia si¦

Zaburzenia uczenia si¦ (learning disorders, LD) to ogólny termin opisuj¡cy konkretne rodzaje
problemów z nauk¡ � to mog¡ by¢ trudno±ci w uczeniu si¦ i korzystaniu z pewnych umiej¦tno±ci.
Najcz¦±ciej dotkni¦te s¡ umiej¦tno±ci czytania, pisania, sªuchania i mówienia. Do tej grupy
zaburze« nale»¡ problemy neurologiczne, w którym czªowiek o normalnym potencjale intelektu-
alnym napotyka trudno±ci w nauce. Osoby z LD maj¡ zazwyczaj przeci¦tn¡ lub ponadprzeci¦tn¡
intelegencj¦ i cz¦sto s¡ utalentowane w naukach ±cisªych, sztukach pi¦knych i innych kreatywnych
mediach. Niektórzy z najbardziej utalentowanych, wpªywowych ludzi w historii mieli LD, w tym
Albert Einstein, Leonardo da Vinci, Thomas Edison, Winston Churchill. LD to termin ogólny
obejmuj¡cy wiele rodzajów specy�cznych zaburze« uczenia si¦: dysleksja, dysgra�a, dyskalkulia,
zaburzenia przetwarzania sªuchowego, zaburzenia przetwarzania j¦zyka, niewerbalne zaburzenia
uczenia si¦, de�cyt percepcji wzrokowej, motoryki wzrokowej. Od studentów z LD oczekuje
si¦ opanowania tre±ci z ogólnego programu nauczania. Dla takiej kategorii osób du»y wpªyw
na osi¡gni¦cia ma dziaªanie nauczyciela. Udowodniono, »e odpowiednie wsparcie przez nauczy-
ciela, zró»nicowane nauczanie, korzystanie z technologii wspomagaj¡cych maksymalnie poprawia
efekty uczenia si¦.

Podamy niektóre najwa»niejsze wskazówki do prowadzenia wykªadów dla studentów z zaburze-
niem uczenia si¦:

• Posiadanie dokªadnego planu wykªadu
• Dostosowane do studentów tempo wykªadu
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• Podziaª tematów na cz¦±ci
• U»ywanie wizualnego i werbalnego podania informacji

Niektóre najwa»niejsze wskazówki do prowadzenia ¢wicze« dla studentów z zaburzeniem uczenia
si¦:

• Zwraca¢ uwag¦ na algorytmy i strategie rozwi¡zywania zada«
• Werbalne powtórzenie strategii i algorytmów poprzez studentów
• Nadzorowanie ¢wicze« aby zapobiec bª¦dnym poj¦ciom i bª¦dnym zasadom

Wszystkie osoby z trudno±ciami w uczeniu si¦ (LD) powinni mie¢ mo»liwo±¢ korzystania z
udogodnie« nie tylko na wykªadach i ¢wiczeniach, a tak»e w sytuacjach testowych.Niekorzystanie
z udogodnie« w takich sytuacjach mog¡ zaszkodzi¢ studentom pokaza¢ co na prawd¦ wiedz¡.

Wniosek. Praca z studentami z LD jest zarówno satysfakcjonuj¡ca, jak i wymagaj¡ca.Dost¦pnych
jest wiele zasobów, które pomog¡ w opracowaniu, mody�kacji i dostosowa« dydaktycznych.Techniki,
które dobrze sprawdzaj¡ si¦ w przypadku studentów z LD , mog¡ by¢ równie skuteczne w przypadku
studentów, którzy nie maj¡ zaburze« uczenia si¦.
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Wokóª twierdze« Darbo i Sadowskiego w przypadku przestrzeni Banacha

Twierdzenia Darbo i Sadowskiego uogólniaj¡ twierdzenie Schaudera o punktach staªych i
nale»¡ do klasycznych rezultatów analizy nieliniowej. W twierdzeniach tych (zarówno w sfor-
muªowaniach jak i w dowodach) istotn¡ rol¦ odgrywaj¡ miary niezwarto±ci. W referacie przy-
pomnimy wybrane fakty zwi¡zane z koncepcj¡ miar niezwarto±ci i omówimy kilka, otrzymanych
ostatnio, uogólnie« twierdze« Darbo i Sadowskiego w przypadku przestrzeni Banacha.

Paweª ZAPRAWA

Lublin University of Technology (Lublin, Poland)

On the problem of inverse coe�cients for convex functions

The main subject of interest of this talk is the problem of estimating |A9|, which is the modulus
of the ninth coe�cient of the inverse of a convex function belonging to the class K. It was shown
almost 50 years ago that |An|, where n ≥ 10, can exceed 1. On the other hand, it is known that
|An| ≤ 1 for n ranging from 2 to 8. Until now, the problem of �nding a sharp bound of |A9|
has been unsolved. We present a new approach to solving it. Some related problems are also
formulated.
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