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The discrete elliptic Toda system

K K+l K K+1

atyy 3 by  bK+2 sk sty

K - K41 ? K - K+1 K K417

acn Ty acn Ty aCin 1
where

g =abX +aKsff ;) + b sff )y,

r =atybiyy +ats’ +bps”
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Discrete elliptic Toda system An integrable system on the cubic closest packing lattice
The (differential) elliptic Toda system
The discrete elliptic Laplace—Schrddinger operator

The Laplace transformation — elliptic case

L=(@+B)(0+A)+2V =(0+A)d+B)+2U
A, B, V,U —functionsof z =x + iy

2H=B,—-Az;, U=V +H.

Theorem

When ¢ is a solution of the Laplace equation Ly = 0, then
1 = (0 + A)y satisfies new Laplace equation Ly = 0, where

L=(0+B)(@+A)+2V,

A=A—-(nV);, B=B, H=H+>(InV),;, V=V +H. o
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An integrable system on the cubic closest packing lattice
The (differential) elliptic Toda system
The discrete elliptic Laplace—Schrddinger operator

Discrete elliptic Toda system

The Laplace sequence and the Toda system

The Laplace sequence of 2D Laplace—Schrédinger operators

Lh — Iin = Ln+17 Vy — \7n = Vn+1-

Laplace and Toda
The potentials V, of the Laplace sequence satisfy the elliptic
Toda field system

1
E(In Vn),zi = Vny1 —2Vn + Vpo1.

The formal transition to the hyperbolic case: (z,z) — (x,y). -
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2D discrete elliptic Schrodinger operator

The self-adjoint 7-point operator

AV FACHY BV BV n+So V- +SmV - = FV.

The Laplace transformation
S. P. Novikov & I. A. Dynnikov, 1997
The Darboux-type transformation T
M. Nieszporski, P. M. Santini & A. D., 2004 ——
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The quadrilateral lattice
The B-quadrilateral lattice and the discrete BKP equation

Geometric Integrability Scheme

The B-quadrilateral (Moutard) lattice

Given generic points Xg, X1, X2 and X3
in P3, letxj, 1 <i <j < 3, be generic
points of the planes (xg, X;, X;).
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The B-quadrilateral (Moutard) lattice

Geometric Integrability Scheme

Given generic points Xg, X1, X2 and X3
in P3, letxj, 1 <i <j < 3, be generic
points of the planes (xg, X;, X;).

Then there exists exactly one point
X123 Which belongs simultaneously to
the planes (x3,X13, X23), (X2, X12, X23)
and <X1, X12, X13>.
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The B-quadrilateral (Moutard) lattice

Geometric Integrability Scheme

Given generic points Xg, X1, X2 and X3
in P3, letxj, 1 <i <j < 3, be generic
points of the planes (xg, X;, X;).

Then there exists exactly one point
X123 Which belongs simultaneously to
the planes (x3,X13, X23), (X2, X12, X23)
and <X1, X12, X13>.

Definition

A quadrilateral lattice isamap x : ZN - PM, 2 <N < M,
whose all elementary quadrilaterals are planar.
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The quadrilateral lattice

The B-quadrilateral (Moutard) lattice ) ; ) :
d ( ) The B-quadrilateral lattice and the discrete BKP equation

The Multidimensional Quadrilateral Lattice

@ Geometry: X, Xy, %), Xiij), 1 <1 <j <N, are coplanar.

@ Algebra: the homogeneous coordinates 1 : ZN — KM+,
x = [¢], satisfy the system of discrete Laplace equations

Yy = gy +@vgy +cly, 1<i<j<N

al, cl:zN - K.
@ Compatibility condition (for N > 3): a nonlinear system
(the discrete Darboux equations).
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The B-quadrilateral (Moutard) lattice

The B-quadrilateral lattice

Under hypotheses of the Geometric
Integrability Scheme, assume that Xg,
X12, X13 @and Xo3 are coplanar.
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The B-quadrilateral (Moutard) lattice

The B-quadrilateral lattice

Under hypotheses of the Geometric
Integrability Scheme, assume that Xg,
X12, X13 @and Xo3 are coplanar.

Then the points Xy, X2, X3 and X123 are
coplanar as well.
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The quadrilateral lattice
The B-quadrilateral lattice and the discrete BKP equation

The B-quadrilateral (Moutard) lattice

The B-quadrilateral lattice

Under hypotheses of the Geometric
Integrability Scheme, assume that Xg,
X12, X13 @and Xo3 are coplanar.

Then the points Xy, X2, X3 and X123 are
coplanar as well.

Definition

A quadrilateral lattice x : ZN — PM | is called the B-quadrilateral
lattice if for any triple of different indices 1 <i <j < k <N the
points X, Xj), X(ik) and X are coplanar.
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The quadrilateral lattice

The B-quadrilateral (Moutard) lattice The B-quadrilateral lattice and the discrete BKP equation

The Moutard linear system and the discrete BKP eqgs

The B-reduction condition is equivalent to the existence of the
Moutard gauge

Yy — v =(e —vg), 1<i<j<N, fl:zZN 5K
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The B-quadrilateral (Moutard) lattice The B-quadrilateral lattice and the discrete BKP equation

The Moutard linear system and the discrete BKP eqgs

The B-reduction condition is equivalent to the existence of the
Moutard gauge

Yy — v =(e —vg), 1<i<j<N, fl:zZN 5K

The compatibility condition E. Date, M. Jimbo & T. Miwa, 1983

ka (f'J — ) =1 = f(” )f"‘ i,j,k distinct, i = —fi
implies existence of the potential =
fii — T(H)70)
T T
and can be then rewritten in the form T. Miwa, 1982

T Tijk) = T(i)T(k) ~ k) 7G) T 0T, L <P <] <k <N. S
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

The diagonal staircase section of the Z23 graph

The black points of the staircase section
T = {(n1,nz,N3) € Z*, Ny — Ny 4+ ng = 0};
white points of the section

Ty = {(n1,N2,N3) € Z3, ny — np +ng = £1}. o
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

The self-adjoint affine linear problem on T

The following consequence of the discrete Moutard system

1 1 1
f@(lﬁ(lz) — )+ m(iﬂ(—l—z) — )+ fﬁ(lb(zs) — )+
1
fzgi(qp(—Z—B) — ) — f(fl)(d}(—13) — ) — f(133)(w(1—3) —¢) =0,
Z2_3)

takes the form of the self-adjoint affine 7-point scheme

a(vay — ¥) +acn (¥ —¥) + by —¥) + by (P — ¥)+
sy (¥q,—ny — ¥) +sany (@i — ¥) =0,

1 1
a=rtp, b=gm 8= —5 5 a, (1)=(12), (I1)=(23).
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Generic and affine self-adjoint 7-point linear problems

Given a scalar solution p of the generic self-adjoint 7-point
scheme

AV FACH Yy FBY iy BV +SayVa,—n+SayViny = FV.

then ¢» = W/p satisfies the affine self-adjoint seven point
scheme with the coefficients

a = Apq)p, b = Bpu)p, S = Sp1)p(-1)-

U
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

The honeycomb sublattice

The following consequences of the Moutard system

1

2y — v2) + 12 (Y@) — ) - 13 (Y23) — Y(2)) = 0,
(2)

F2(¢(2) — Y)) + 15 5)(Y(az—3) — ¥) — f13 (¥(-3) — ¥@)) =0,
(=3)

in the sublattice notation with (¢™, ¢™) = (¢(1), ¥(2)), give the <
honeycomb linear problem: —
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

The honeycomb lattice

1
)+ 6(¢?__|7||) - ¢> ) (¢(||) ¢ ) =0,

SN

1, 1 .
b(|7_||)(¢(|’_") ¢ )+S()(¢ (=) ¢ )

[
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

Factorized linear problems on the triangular lattice and
geometric idea of the Laplace transformation

1 _ 1\ 1 _

¢+ :H (b|’,||S| + ab|’,||T" 1 + aS|T|T“ 1) a (bS|,|| + abT, + as|,||T|T" 1) ¢+7
1 1

o~ :a <b5|7|| + abT, + as.7||T|T"‘1> ﬂ (b|7_||S| + ab|7_||T"‘1 + aS|T|T"_1) o,

T, Ty - shift operators.
Foliation of the Z?2 lattice into black (even ¢) and white (odd ¢)
triangular lattices

Ty = {(n1,N2,M2) € Z%, Ny —np +ng =¢}, (€L

Transition between two subsequent lattices of the same colour
is the Laplace transformation.
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme

Integrable triangular and honeycomb lattices The Darboux type transformations

1
v = A (bfCuysiye + all b nyvln +alystyvll ) -
_ 1
W = (b sff gy +afy b oy + &l st vl
)

g =abX +aKsff ;) + b sff )y,

I’K :a(K_l)bF_") —|— a.(K_l)SK + bF_“)SK .

Discrete elliptic Toda eqgn. is the CCP sub-lattice Miwa eqn.

atyy _atiny By _ bk s sty
Aty acn aCion Ty 7
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

The discrete Moutard transformation

If 6 is a scalar solution of the discrete Moutard system
Oy — 0 =10 — 0g)), i <],
then the solution v of equations
- 0 -
Yy — ¥ = %W — i),
satisfies the discrete Moutard system with potentials

fii — il 06)8)

, or 7=40r.
00

J. J. C. Nimmo & W. K. Schief, 1997~
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Integrable triangular and honeycomb lattices The Darboux type transformations

The Darboux transformation on T
=01 2 3012 3)

Given solution ¢ of the affine self-adjoint 7-point scheme and
given its particular solution ¢, then equations
by — P = —b by — SOy + (dnd + SOy,
bay == acnfn + Sy — (@ + SO,

define the corresponding solution ¢ of the scheme with the
coefficients

b a S

) San = —%

Q>

)

where p = s(a(_.)H(_|) + b(_||)9(_||)) + a(_|)b(_||)6‘
M. Nieszporski, P. M. Santini & A. D., 2004
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices The Darboux type transformations

Further research directions

@ Evoutions (discrete or continuous) of the triangular and
honeycomb lattices, compatible with the linear problem
(see the talk of M. Nieszporski).

@ Superposition with other integrable reductions of the
guadrilateral lattice in order to obtain 1 + 1 dimensional
discrete equations on the triangular (honeycomb) lattice.

@ Restriction (cut-and-project method) of reductions of the
guadrilateral lattice equations to other graphs: Penrose
tilings, quasicrystals ...
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The staircase section and the triangular lattice
The Laplace transformation of the 7-point scheme

Integrable triangular and honeycomb lattices The Darboux type transformations

Thank you for your attention
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The Laplace transformation — discrete hyperbolic case

2D quadrilateral lattice
(discrete conjugate net)
R. Sauer, 1937

X(-2) *2)
Geometry
X : 7% — PM with elementary quadrilaterals planar
Algebra

(U 72 — K!:AJF:L with 1, ¢(1), w(Z): w(12) Iinearly dependent
Y(12) + abay + BYe) + ¢ = 0.
A. D., 1997; S. P. Novikov & I. A. Dynnikov, 1997 IWM
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The Darboux-type transformation on H
(0%,07) = (0(—2-3)¥(—2-3), O(—1-3)¥(—1-3))
Given solution (¢, ¢~) of the honeycomb linear system and

given its particular solution (#*,6~). Then the solution (¢, $~)
of the system

e y— S _ _ - _
uy— ¢ =7 (9(4)@5(4) 9(4)‘?(7")) :
a,

of -9 = Lo (9(1|,7||)¢(1n) - 9(1||)¢(1|,7||)) )

r
b

‘5_ - ‘/BZF—l,n) = r (9(_—|,—||)¢(_—|) - 9(_—|)¢(_—|,—||)) )

where r = a_ps + b_s + ac_)b_y), satisfies the
honeycomb linear system with the coefficients

y a1y ,— - by, ,_ y S, .

a= *TQ(—H)G(—u—n)v b= *TQ(—UQ(—L—H)a Sy = *Fo(—l)a(_u,ym,,
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The Laplace transformation of the 7-point scheme
Integrable triangular and honeycomb lattices

The Darboux type transformations

The star-triangle relation

The discrete Moutard equations on the staircase section read

1
Yoy — 9 5(¢+ —97),
1
@b(ll) - = B(d)_ - ¢(+_|7||))7
1 _
Yay — Yay = m(qﬁzﬁ) —¢).

Adam Doliwa needs07



	Discrete elliptic Toda system
	An integrable system on the cubic closest packing lattice
	The (differential) elliptic Toda system
	The discrete elliptic Laplace--Schrödinger operator

	The B-quadrilateral (Moutard) lattice
	The quadrilateral lattice
	The B-quadrilateral lattice and the discrete BKP equation

	Integrable triangular and honeycomb lattices
	The staircase section and the triangular lattice
	The Laplace transformation of the 7-point scheme
	The Darboux type transformations


